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The indistinguishability of many bosons undergoing passive linear transformations

followed by number basis measurements is fully characterized by the visible state of

the bosons. However, measuring all the parameters in the visible state is experi-

mentally demanding. In this work, we seek to perform partial characterization of

the visible state by measuring properties of it that are available after randomization.

First we study the case where the occupied visible modes are randomly permuted,

and second we study the case where Haar random linear optical unitaries are applied.

In each case, we find that the generalized bunching probability—which is the proba-

bility that all the input bosons arrive in a given subset of the output modes—obeys

monotonicity with respect to some partial order of distinguishability of the input

bosons. As an intermediate result, we show that Lieb’s permanental-dominance con-

jecture for immanants is equivalent to the following statement: for states that are

invariant under permutations of the occupied visible modes, the generalized bunching

probability is maximized when the bosons are perfectly indistinguishable. We also

prove that a consequence of the monotonicity of the generalized bunching probability

after Haar averaging is that this average is maximized when the bosons are perfectly

indistinguishable. Finally, we discuss applications of our results to thermometry of

cold-atom systems.

1. INTRODUCTION

Bosons are fundamentally indistinguishable particles, but the presence of uncontrolled
degrees of freedom can make them behave as though they are not. The indistinguishability
of two bosons can be quantified with the Hong-Ou-Mandel visibility [1], which is directly
related to the probability that the input bosons arrive in the same output mode. The in-
distinguishability of bosons determines the extent to which they interfere in a linear-optics
experiment, and this interference is typically the quantum resource that we wish to harness
in such experiments. For example, the computational hardness of boson sampling [2] is
lost when the bosons are distinguishable [3]. As another example, linear optical quantum
computation [4] relies on the interference of many bosons to perform quantum computa-
tions. In this work, we are interested in quantifying the n-particle indistinguishability. To
illustrate the concept, we discuss the example of many photons interfering in a linear-optics
experiment.

Consider an m-mode interferometer, n modes of which are populated with one photon
each. The photons can have any frequency, polarization, and temporal mode, but have
definite spatial modes. The photons propagate through an interferometer that acts only
on the spatial degree of freedom of the photons, then are measured in the number basis,
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resolving only which spatial mode the photons arrived in. Because the interferometer acts
only on the spatial degree of freedom (DOF), it is called the visible DOF, while all other
DOFs (frequency, time, polarization) are called hidden. A schematic of this setup is shown
in Fig. 1.

FIG. 1. Interferometer with n input bosons, with at most one in each of m spatial modes. The

interferometer acts only on the spatial degree of freedom, but the bosons may have some other

hidden DOFs, such as time. We perform number-basis measurements at the end, which do not

resolve the hidden DOFs. The generalized bunching probability [5] is the probability that all the

input photons arrive in a given subset of the visible output modes.

There have been many efforts to describe [6–17] and detect [18–44] the effects of multi-
particle indistinguishability on these interference experiments. The complete description of
indistinguishability effects on multiboson interference experiments can be expressed in terms
of the distinguishability function of the bosons, introduced in Ref. 10 as the J-matrix, then
later in Ref. 5 as the J-function. An equivalent description is given by the visible state of
the bosons (Eq. F.13) [6, 23, 45] (called the “external state” in [6]). Multiboson interference
experiments are tomographically complete for the visible state [6], so in principle one can
measure the visible state from such interference experiments to obtain a characterization
of the effect of indistinguishability on such experiments. However, these measurements are
experimentally challenging, both because of the exponentially many parameters needed to
describe the visible state, and because of the high sensitivity to interferometer calibration
errors. Furthermore, the perfectly indistinguishable component of a state is typically ex-
ponentially small [46], so it is statistically demanding to measure precisely. Here we argue
that the generalized bunching probability [5], which is the probability that all the input
photons arrive in a given subset of visible output modes, provides useful partial information
about the multiparticle indistinguishability. The generalized bunching probability is easier
to measure than the visible state because it remains large even when the number of particles
is large [47], and in this work we show it obeys monotonicity relative to some partial orders
of distinguishability.

Analogous to the two-particle case, one might conjecture that the generalized bunching
probability is maximized when all the input photons are simultaneously indistinguishable,
meaning that they all have the same polarization, temporal mode, and frequency mode. This
conjecture is equivalent to the permanent-on-top conjecture [48], which is false [49]. The
conjecture that, among states for which the auxiliary state (Def. B.2) is separable (called
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“classically correlated states” in Ref. 5), the generalized bunching probability is maximized
when the bosons are perfectly indistinguishable, is equivalent to a conjecture due to Bapat
and Sunder [50]. This conjecture was shown to be false [51], and the connection to the
bunching behavior of bosons was observed in Ref. 52. We show in this work that if one can
randomize the input state, then the generalized bunching probability does serve as a witness
of maximal indistinguishability of the input bosons. We study two forms of randomization:
one where the occupied input modes are randomly permuted, the other where Haar random
linear optical unitaries are applied.

To study the case that random permutations are an available experimental control, we
introduce the weak generalized-bunching conjecture (Conj. 3.4): Among states that are
invariant under permutations of the occupied visible modes, the generalized bunching prob-
ability is maximized when the bosons are perfectly indistinguishable. We emphasize that our
conjecture applies to any choice of applied linear optical and any choice of subset of visible
modes. We prove in Thm. 3.7 that the weak generalized-bunching conjecture is equiva-
lent to an existing mathematical conjecture, Lieb’s permanental-dominance conjecture for
immanants (Conj. 3.6) [53, 54]. Lieb’s conjecture states that the permanent is the largest
among the normalized immanants for any positive-semidefinite argument. Despite signifi-
cant efforts to resolve it [49, 55–67], Lieb’s conjecture has remained open for over fifty years.
Assuming Lieb’s conjecture, this establishes that, given access to random permutations of
the occupied visible modes, one can use the generalized bunching probability to detect that
the input bosons are perfectly indistinguishable.

Analogous to the Hong-Ou-Mandel visibility providing a quantitative notion of the in-
distinguishability of two bosons, we ask: Does the deviation of the generalized bunching
probability from its maximum value give a measure of the extent to which the input bosons
are “more distinguishable”? To formalize this question, we need a rigorous notion of “more
distinguishable”. We now describe one such notion, and make use of a few definitions to do
so.

The visible DOF HV and hidden DOF HH are tensor factors of the single-particle Hilbert
space, H1 = HV ⊗HH . We assume that there is a preferred basis {|i⟩V }

m
i=1 of HV , which we

call sites, and a preferred basis {|j⟩H}
L
j=1 ofHH , which we call labels. For a partition λ of the

number of populated modes n and a list of distinct site indices i = (i1, . . . , in), consider the
state that (1) has λj many particles with label j, (2) is invariant under permutations of the
occupied modes, and (3) has one boson in each of the distinct sites i. This state is called the
partially labelled state with label pattern λ occupying i (Def. 3.8). We show in Thm. 3.10
that the generalized bunching probability for partially labelled states is monotonic with
respect to the refinement partial order on partitions (Def. 3.9), provided Lieb’s permanental-
dominance conjecture holds.

We now discuss our results relating the generalized bunching probability to the indistin-
guishability of the input bosons in the case that Haar random linear optical unitaries are an
available experimental control. Define the mean generalized bunching probability to be the
average over the Haar measure on unitaries U as in Fig. 1 of the generalized bunching prob-
ability. We show in Thm. I.10 that the mean generalized bunching probability is monotonic
with respect to a certain preorder (Def. I.6) on all n-boson states. Because the definition of
this preorder is technical, we defer its discussion to App. I, and present some consequences of
Thm. I.10 here. First we show in Cor. 4.1 that as a consequence of Thm. I.10, the mean gen-
eralized bunching probability is maximized when the bosons are perfectly indistinguishable.
Define a uniform state to be one where the input bosons all have the same single-particle
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density matrix on HH (Def. 4.2). Then second, we prove in Cor. 4.4 that, for uniform states,
the mean generalized bunching probability is Schur convex with respect to the eigenvalues of
the single-particle density matrix. Third, when the single-particle density matrix is a Gibbs
state, we show in Cor. 4.5 that such a mean generalized bunching probability can be used
to infer the temperature of this Gibbs state.

The generalized bunching probability can be efficiently measured in many scenarios; see
Ref. 47 for a detailed analysis of the number of measurements required. Combined with
our monotonicity results, this suggests that the generalized bunching probability is a good
measure of the joint indistinguishability of the bosons.

The rest of the paper is structured as follows. In Sec. 2 we present preliminaries. In Sec. 3
we introduce the weak generalized-bunching conjecture and state our theorem showing its
equivalence to Lieb’s conjecture. In Sec. 4 we state corollaries to Thm. I.10, relating the
mean generalized bunching probability to the indistinguishability of the input bosons. In
Sec. 5 we conclude and offer remarks on future work, including applications of our results
to thermometry of cold-atom systems.

2. PRELIMINARIES

Lists of indices are written in boldface, e.g. i = (i1, . . . , in). For N ∈ N, we use the
abbreviation [N ] := {1, . . . , N}. Let

∆N−1 =

{
α ∈ RN

∣∣∣∣∣αi ≥ 0 ∀i ∈ [N ],
∑
i

αi = 1

}
(2.1)

be the set of probability distributions on N elements.
Let W be a finite dimensional Hilbert space. We write B+(W ) for the set of positive-

semidefinite matrices on W . The set of density matrices on W is denoted D(W ) =
{ρ ∈ B+(W )|Tr(ρ) = 1}. Density matrices are sometimes referred to as states, and vec-
tors |ψ⟩ ∈ W are also referred to as states.

2.1. Linear optics

Let W be a finite dimensional Hilbert space. Let U(W ) be the group of unitaries on W .
We write Symn(W ) for the nth symmetric power of W . The Fock space over W is defined
to be

F(W ) =
∞⊕
n=0

Symn(W ). (2.2)

The vacuum state is written |0⟩. The annihilation map a : W → End(F(W )) is a conjugate-
linear map that assigns an operator aψ to each |ψ⟩ ∈ W . The operator aψ is called an

annihilation operator, and its Hermitian conjugate a†ψ is called a creation operator. The
annihilation operators satisfy

aψ |0⟩ = 0, (2.3)
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and if |ψ′⟩ ∈ W , we have the commutation relations

[aψ, a
†
ψ′ ] = ⟨ψ|ψ′⟩ . (2.4)

If B = {|x⟩}x is an orthonormal basis of W , an orthonormal basis of Symn(W ) can be
obtained from

|g⟩ =
∏
|x⟩∈B

(a†x)
g(x)√

g(x)!
|0⟩ , (2.5)

where g : [dim(W )] → {0, . . . , n} is a function such that
∑

x g(x) = n. Such states |g⟩ are
called states of definite occupation. Accordingly, we define the set of occupations with total
particle number n on the set S,

ωnS =

{
g : S → {0, . . . , n}

∣∣∣∣∣∑
x

g(x) = n

}
. (2.6)

The unitary group U(W ) acts on End(F(W )) according to the linear-optical action:

Definition 2.1 (Linear-optical action). The linear-optical action on Symn(W ) by unitaries
U ∈ U(W ) is given by

U · |g⟩ =
dim(W )∏
x=1

(a†Ux)
g(x)√

g(x)!
|0⟩ . (2.7)

This gives rise to an action on F(W ), and a corresponding adjoint action on End(F(W )),
which are both also called the linear-optical action.

2.2. Integer partitions

We follow conventions in Ref. 68 for denoting partitions. A partition of a positive integer
n is a nonincreasing list of nonnegative integers (λ1, . . . , λk) such that

∑k
j=1 λj = n. If λ is

a partition of n, we write λ ⊢ n. If two partitions differ only by their trailing zeros, they are
considered the same partition. The number of nonzero elements of λ ⊢ n is called its length,
written len(λ). Suppose λ ⊢ n has mi many elements that are equal to i for i ∈ [n]. Then λ
is also denoted by the string (nmn . . . 1m1), where im denotes the string containing m copies
of i, i0 is the empty string, and the juxtaposition of strings indicates the concatenation of
strings.

3. GENERALIZED BUNCHING FOR PERMUTATION INVARIANT STATES

In this section we study the problem of characterizing the indistinguishability of bosons
given the ability to perform arbitrary permutations of the visible modes and some nontrivial
linear optical unitary. To that end, we present our conjecture that, under certain conditions,
the generalized bunching probability is maximized by perfectly indistinguishable particles.
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We consider a linear-optics experiment where the bosons have a hidden DOF. The single-
particle Hilbert space H1 is a tensor product, H1 = HV ⊗ HH . Let m = dim(HV ) and
L = dim(HH). We assume there is a preferred basis {|i⟩V }

m
i=1 of the visible DOF HV called

sites, and the hidden DOF has a preferred basis {|l⟩H}
L
l=1 called labels. We start in a state

ρ ∈ D(Symn(HV ⊗HH)) of n particles, evolve with linear-optical dynamics under U ⊗ 1HH

for a unitary U ∈ U(HV ), then measure in the number basis, not resolving the hidden DOF.
To express the resulting probability distribution in terms of ρ and U , we introduce the
following definition. Let v ∈ ωn[m] (Eq. 2.6). We define the set of all occupations for which
the marginal visible occupation is equal to v by

Nv =

g ∈ ωn[m]×[L]

∣∣∣∣∣∣
∑
j∈[L]

g(i, j) = v(i)∀i ∈ [m]

. (3.1)

Then the probability that, for all j ∈ [m], we observe v(j) many particles in the visible site
j is

p(v|U, ρ) =
∑
g∈Nv

((
(U ⊗ 1HH

) · ρ · (U † ⊗ 1HH
)
)
|g⟩⟨g|

)
, (3.2)

where the state of definite occupation |g⟩ is defined in Eq. 2.5. In the above expression, the
dot is the linear-optical action (Def. 2.1). The probability distribution p(v|U, ρ) is called the
visible occupation distribution of ρ under U .

We are interested in states that have at most one boson per visible site. If i ∈ [m]n

satisfies ix = iy =⇒ x = y, we say that i is a list of n distinct indices from [m]. If i ∈ [m]n

and j ∈ [L]n, we define a†(i, j) := a†i1,j1 · · · a
†
in,jn

.

Definition 3.1 (Singly-occupied subspace). Let i be a list of n distinct indices from [m].
The space of states that singly occupies the sites i is defined by

Ki = span(
{
a†(i, j) |0⟩

∣∣ j ∈ [L]n
}
) ⊆ Symn(HV ⊗HH). (3.3)

Correspondingly, we say that a state ρ ∈ D(Symn(H1)) singly occupies the sites i if it can
be written in the form

ρ =
∑

j,j′∈[L]n
ρj,j′a

†(i, j) |0⟩⟨0| a(i, j ′). (3.4)

for some numbers ρj,j′ ∈ C.

Our conjecture concerns the subspace of Ki that is invariant under exchange of the
elements of i. To define this subspace, we introduce an action of the symmetric group Sn
on Ki.

Definition 3.2 (Permutation matrix on i). Let i be a list of n distinct indices from [m]. For
σ ∈ Sn, let Fi(σ) ∈ U(HV ) be the permutation matrix whose action is given by Fi(σ) |ix⟩ =
|iσ(x)⟩ for all x ∈ [n], and Fi(σ) |j⟩ = |j⟩ for any j not in the list i.

The states we consider are a special class of states that are invariant under the action of
Fi, in the sense defined next.
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Definition 3.3 (Permutation-invariant state). Let ρ be a state that singly occupies the n
distinct sites i (Def. 3.1). We say ρ is permutation invariant if (Fi(σ)⊗ 1HH

) · ρ · (Fi(σ)⊗
1HH

)−1 = ρ for all σ ∈ Sn.
Permutation-invariant states are commonly considered in the literature [46, 47]. Any state

that singly occupies the sites i can be made permutation invariant by passing it through a
linear-optical device that applies a uniformly random permutation to the sites i. We note
that some permutation-invariant states are entangled in a certain sense that we define in
App. K; we refer the reader to this appendix for further details.

The perfectly indistinguishable state with single-particle hidden state |ψ⟩ ∈ HH is defined
to be

ϕi,ψ = a†i1,ψ · · · a
†
in,ψ

|0⟩⟨0| ai1,ψ · · · ain,ψ . (3.5)

These states span the set of states that behave bosonically under visible unitaries, see App. K
for further details. We write ϕi = ϕi,1, where |1⟩H is the first label, and refer to ϕi as the
perfectly indistinguishable state, for short. The perfectly indistinguishable state describes
bosons that all have the same label, and in particular, is permutation invariant. Observe
that the definition of the perfectly indistinguishable state does not depend on the order of
the elements of i.

We want to compare the generalized bunching probability for an arbitrary permutation-
invariant state to that for the perfectly indistinguishable state. Let ρ ∈ D(Symn(HV ⊗HH))
be a state, and let U ∈ U(HV ) be a unitary. We write b(S|U, ρ) for the probability that the
particles start in the state ρ, evolve under the linear-optical action determined by U , then
all arrive in S ⊆ [m]. This probability is known as the generalized bunching probability of
ρ into S under U . To express b(S|U, ρ) explicitly in terms of the quantum state and the
unitary, we introduce the following definition. We define the set of occupations (Eq. 2.6)
that are nonzero only on a subset of modes S ⊆ S ′ as

ωnS′(S) := {g ∈ ωnS′ |x /∈ S =⇒ g(x) = 0}. (3.6)

Then the generalized bunching probability is

b(S|U, ρ) =
∑

v∈ωn
[m]

(S)

p(v|U, ρ) (3.7)

=
∑

g∈ωn
[m]×[L]

(S×[L])

Tr
((
(U ⊗ 1HH

) · ρ · (U † ⊗ 1HH
)
)
|g⟩⟨g|

)
. (3.8)

We are now prepared to state our conjecture.

Conjecture 3.4 (Weak Generalized Bunching). Let ρ be a permutation-invariant state that
singly occupies the n distinct sites i (Def. 3.3). Let ϕi be the perfectly indistinguishable
state defined in Eq. 3.5. Let U ∈ U(HV ), and let S ⊆ [m]. Then

b(S|U, ρ) ≤ b(S|U, ϕi). (3.9)

We show in Thm. 3.7 that the weak generalized-bunching conjecture is equivalent to an
existing mathematical conjecture, known as Lieb’s permanental-dominance conjecture for
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immanants. To state Lieb’s conjecture, we need a few more definitions. Let Mn×n(C) be
the set of n by n complex matrices. If λ ⊢ n, the irreducible character χλ of Sn is defined
to be the character of the Specht module of shape λ, as defined in Thm. 7.18.5 of Ref. 69,
and Eq. A.12 (see also Refs. 70–77). Let e ∈ Sn be the identity element.

Definition 3.5. Let λ ⊢ n, and let χλ be the corresponding irreducible character of Sn.
The normalized immanant of shape λ is defined to be

Immλ :Mn×n(C) → C, Immλ(A) =
1

χλ(e)

∑
σ

χλ(σ)
n∏
i=1

Ai,σ(i). (3.10)

When λ = (1n), Imm(1n) is equal to the determinant. When λ = (n), Imm(n) is equal
to the permanent. Thus, the normalized immanants interpolate between the determinant
and permanent. When the argument A is positive semidefinite, the normalized immanant
Immλ(A) is nonnegative [78]. It is known that, for a positive-semidefinite argument, the
determinant is the smallest among the normalized immanants [78]. Lieb’s conjecture [53] is
that the permanent is the largest.

Conjecture 3.6 (Lieb’s Permanental-Dominance Conjecture for Immanants). Let A ∈
B+(Cn) be an n× n positive-semidefinite matrix. Let λ ⊢ n. Then

Immλ(A) ≤ Imm(n)(A) . (3.11)

Lieb’s conjecture has been open for over 50 years, despite many attempts to resolve it.
Here we relate it to the physical scenario at hand:

Theorem 3.7. The weak generalized-bunching conjecture (Conj. 3.4) is equivalent to Lieb’s
permanental-dominance conjecture for immanants (Conj. 3.6).

This theorem, proven in App. D, provides strong evidence supporting the weak generalized-
bunching conjecture. It also implies that any partial progress towards Lieb’s conjecture has
a direct corollary for the bunching behavior of bosons.

While our conjecture states that the perfectly indistinguishable state achieves the largest
generalized bunching probability among permutation-invariant states, it does not make any
direct statements about the relationship between different values of the generalized bunching
probability. Specifically, we would like a statement that captures the intuition that bosons
that are more distinguishable have a lower generalized bunching probability. We show that,
assuming the weak generalized-bunching conjecture, there is a partial order on partially
labelled states (defined below) with respect to which the generalized bunching probabilities
are monotonic.

For µ ⊢ n, we write µ for the nondecreasing list of n numbers containing µi many is. For
a list of indices j ∈ [d]n and a permutation σ ∈ Sn, define the action of σ on j by

σ · (j1, . . . , jn) = (jσ−1(1), . . . , jσ−1(n)). (3.12)

We are now prepared to define partially labelled states.
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Definition 3.8 (Partially labelled state). Let i be a list of n distinct indices from [m], and
let µ ⊢ n be a partition of n such that len(µ) ≤ L = dim(HH). Then the partially labelled
state with label pattern µ occupying i is defined to be

ρi,µ =
1

n!

∑
σ∈Sn

a†(σ · i, µ)|0⟩⟨0|a(σ · i, µ). (3.13)

Partially labelled states have a definite number of particles in each label, and the as-
signment of labels to particles is symmetrized. In particular, partially labelled states are
permutation invariant. They are a complete set of permutation-invariant states in the fol-
lowing sense. In Cor. J.7, we show that if ρ is permutation invariant then there exist real
coefficients {cµ}µ⊢n such that, for all U ∈ U(HV ) and for all v ∈ ωn[m], the probability of the

visible occupation v is given by p(v|U, ρ) =
∑

µ⊢n cµp(v|U, ρi,µ).
We can order partially labelled states occupying i according to the refinement order

of their label patterns, which we now define. Loosely speaking, a partition µ ⊢ n is a
refinement of λ ⊢ n if it can be obtained by partitioning the parts of λ, as depicted in Fig. 2.
To define refinement formally, we need the following definition. Let κ ⊢ n and π ⊢ n′. Let

FIG. 2. A schematic description of refinement of partitions. µ is obtained by partitioning the parts

of λ.

k = max(n, n′). We can write κ = (kmk . . . 1m1), π = (km
′
k . . . 1m

′
1), where for all j ∈ [k],

mj,m
′
j are nonnegative integers. Then define the sum of partitions to be

κ+ π = (kmk+m
′
k . . . 1m1+m′

1). (3.14)

Definition 3.9 (Refinement partial order). Let λ, µ ⊢ n be partitions. We say that µ is a
refinement of λ, and write λ ⊵ µ, if µ can be expressed as

µ =
∑
i∈[n]

ν(i), (3.15)

for some partitions ν(i) such that ν(i) ⊢ λi.
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With these definitions in hand, we now state a monotonicity relation between the gener-
alized bunching probabilities of partially labelled states.

Theorem 3.10. Denote m = dim(HV ), L = dim(HH), let i be a list of n distinct indices
from [m], and let λ, µ ⊢ n such that len(λ) ≤ L and len(µ) ≤ L. Let U ∈ U(HV ), and let
S ⊆ [m]. Suppose that Conj. 3.4 holds. Then,

λ ⊵ µ =⇒ b(S|U, ρi,λ) ≥ b(S|U, ρi,µ). (3.16)

This theorem is proven in App. E. It is the statement that, if we take a partially labelled
state, then add more labels to it, the generalized bunching probability cannot increase.
Refinement is only one of many ways to “add distinguishability” to a state. In the following
section, we study a different partial order of distinguishability.

4. SCHUR CONVEXITY OF MEAN GENERALIZED BUNCHING

In the previous section, we analyzed the problem of characterizing the distinguishability
of particles when random permutations of the input modes are an available experimental
control. In this section, we consider the case that we can perform Haar random linear optical
unitaries on the visible DOF. Let U ∼ Haar(U(HV )) denote that the unitary U is distributed
according to the Haar measure over U(HV ). Let k ∈ [m], and let S ⊆ [m] be a set of size k.
Then define the mean generalized bunching probability into a subset of size k,

w(k|ρ) = EU∼Haar(U(HV ))(b(S|U, ρ)). (4.1)

Due to the Haar averaging, the left-hand side depends only on k, and not on S. In App. I, we
prove Thm. I.10, which states that the mean generalized bunching probability is monotonic
with respect to a certain preorder (Def. I.6) on the set of all n-particle states D(Symn(HV ⊗
HH)). Because the definition of this preorder is technical, we choose to discuss consequences
of Thm. I.10 in this section, and refer the interested reader to App. I for further detail. As
a part of the proof of Thm. I.10, we derive an explicit expression for the mean generalized
bunching probability, which is given in Lem. I.2.

First we show that a natural generalized bunching conjecture is true on average over
visible unitaries.

Corollary 4.1. Let i be a list of n distinct sites from [m], and let ϕi be the perfectly
indistinguishable state defined in Eq. 3.5. Let k ∈ [m], and let ρ ∈ D(Symn(HV ⊗HH)) be
any n-particle state. Then,

w(k|ϕi) ≥ w(k|ρ). (4.2)

The proof of this corollary is given in App. I, immediately following Thm. I.10.
We now show two more consequences (Cor. 4.4, Cor. 4.5) of Thm. I.10, which provide a

method to perform thermometry of cold-atom systems such as in Ref. 41, where the atoms
are in thermal equilibrium. Such systems are described by singly occupied states where each
particle’s hidden density matrix is the same; we call these uniform states, as defined next.
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Definition 4.2 (Uniform states). Let ρ(1) ∈ D(HH) be a single-particle hidden density

matrix. Without loss of generality, write ρ(1) =
∑

k αk|k⟩⟨k| for some basis {|k⟩}Lk=1 and
some probability distribution α ∈ ∆L−1. Define α(j) = αj1 · · ·αjn . Let i be a list of n
distinct indices from [m]. Then the uniform state on i with single-particle density matrix
ρ(1) is

ρ(α) =
∑
j

α(j)a†(i, j)|0⟩⟨0|a(i, j). (4.3)

The uniform state is the state where, for each x ∈ [n], we independently populate the site
ix with a boson of label j with probability αj. For uniform states, majorization provides a
way to compare distinguishability.

Definition 4.3 (Majorization). For a distribution α ∈ ∆N−1, write α↓ for the distribution

sorted in nonincreasing order, so α↓
1 ≥ · · · ≥ α↓

N . For distributions α, α
′ ∈ ∆N−1, we write

α ≻ α′ if for all k ∈ [N ],

k∑
i=1

α↓
i ≥

k∑
i=1

(α′)↓i, (4.4)

and say that α majorizes α′.

We note that α ≻ α′ implies that the entropy of α′ is larger than that of α. Consequently,
for uniform states, the probability that particles have the same label decreases as we go down
in this order. A function f : ∆N−1 → R, that obeys α ≻ α′ =⇒ f(α) ≥ f(α′), is said
to be Schur convex. One might conjecture that, for all U ∈ U(HV ) and all S ⊆ [m],
the generalized bunching probability of uniform states is Schur convex, so α ≻ α′ =⇒
b(S|U, ρ(α)) ≥ b(S|U, ρ(α′)). We were not able to prove this, even assuming the weak
generalized-bunching conjecture. Instead, we show that this implication holds on average,
unconditionally.

Corollary 4.4. Let n ≤ m = dim(HV ) and n ≤ L = dim(HH). Let k ≤ m. Let α, α′ ∈
∆L−1 be such that α ≻ α′. Then

w(k|ρ(α)) ≥ w(k|ρ(α′)). (4.5)

This corollary of Thm. I.10 is proven in App. I, following Lem. I.11. As an application
of this corollary, we show that when the single-particle state is a Gibbs state, the mean
generalized bunching probability is decreasing as a function of temperature.

Corollary 4.5. We take the same hypotheses as in Cor. 4.4. Let 0 = ϵ0 ≤ · · · ≤ ϵL−1 be
chosen so that at least two of the ϵi differ. Let αβ be the Gibbs distribution,

(αβ)k =
e−ϵkβ∑L−1
j=0 e

−ϵjβ
. (4.6)

Then w(k|ρ(αβ)) is strictly monotonically increasing as a function of β.
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This corollary is proven in App. I, following Lem. I.14. Therefore, if we measure the
mean generalized bunching probability, we can infer β by inverting the relationship derived
in Lem. I.2. In this sense, the mean generalized bunching probability serves as a thermometer
for uniform states with a Gibbs distribution.

5. DISCUSSION

We have shown various monotonicity properties of the generalized bunching probability.
Through these monotonicity properties, we argue that the generalized bunching probability
provides useful partial information about the indistinguishability of many bosons. We leave
open the problem of whether the generalized bunching probability for uniform states is
Schur convex for a given visible unitary, rather than averaged over all visible unitaries. We
also leave open the following problem: Let k ≤ m, let i be a list of n distinct indices
from [m], let λ, µ ⊢ n, and let L = dim(HH) be such that L ≥ len(λ), len(µ). Does
λ ⊵ µ =⇒ w(k|ρi,λ) ≥ w(k|ρi,µ) (Def. 3.9, Def. 3.8, Eq. 4.1) follow from Thm. I.10?

In cold-atom systems, such as in Ref. [41], it is reasonable to assume that the state is a
uniform state (Def. 4.2), because the atoms have thermalized with a bath. In this scenario,
Cor. 4.5 provides a method of performing thermometry for these very low temperature
systems, where it may be difficult to infer the temperature in other ways. The experiment
we propose is to (1) prepare a uniform state of thermal atoms in distinct sites, (2) perform
a Haar-random linear optical unitary, and (3) measure the generalized bunching probability
for a subset S of sites that has size k. Lem. I.2 and Lem. I.11 then provide a conversion
of this measured generalized bunching probability to a measurement of temperature. There
are a few obstructions to implementing this directly. The first is that in Ref. [41], the
measurements are of parity of the number of atoms on the site, rather than of the atom
number. Secondly, the bosons in Ref. [41] are slightly interacting, which may corrupt this
measurement of temperature. Lastly, measuring the mean generalized bunching probability
involves sampling over the Haar measure of visible unitaries, which may be difficult in
practice. A possible extension of this work is to calculate how many samples from the
Haar measure are necessary to obtain a good estimate of the mean generalized bunching
probability. It is possible that this number of samples is equal to one, using a method we
now describe.

For a state ρ that singly occupies the distinct sites i ∈ [m]n, a visible unitary U ∈ U(HV ),
and a number k ∈ [m] of visible sites, define b(k|U, ρ) to be the uniform average of the
generalized bunching probability over all subsets of [m] that have k elements. By a simple
combinatorial argument, given in Ref. 41 Eq. 17, there is a simple and efficient estimator
for b(k|U, ρ) that can be calculated from samples of the visible occupation distribution.
The mean of b(k|U, ρ) over the Haar measure of visible unitaries is equal to the mean
generalized bunching probability w(k|ρ). Then by the log-Sobolev inequality and Herbst’s
argument (Ref. 79, Thm. 5.39), b(k|U, ρ) approximates w(k|ρ) with high probability over
the Haar measure of visible unitaries. The estimate of the mean generalized bunching
probability obtained from this method of averaging over subsets is subject to approximation
error introduced from sampling the Haar measure. The bound on the approximation error
obtained by direct application of the log-Sobolev inequality appears to be unfavorable when
compared to the range of the mean generalized bunching probability over input states. It
is possible that the bounds can be significantly improved. Alternatively, one can seek to
determine a lower bound on the number of samples of b(k|U, ρ) over the Haar distribution
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of visible unitaries that are necessary to obtain a good estimate of the mean generalized
bunching probability. For a typical unitary U , the bunching probability b(S|U, ρ) is not
constant as a function over subsets S of size k. This implies that the distribution over U
of b(k|U, ρ) is narrower than the distribution over U of b(S|U, ρ) for fixed S. As a result it
is possible that tighter concentration inequalities can be obtained for b(k|U, ρ) than those
given in Ref. 47 for b(S|U, ρ).
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[13] C. Dittel, About the interference of many particles, Ph.D. thesis, Universität Innsbruck (2019).

[14] S. Stanisic, On the Quantum Information of Photons: Entanglement and Distinguishability in

Linear Optics, Ph.D. thesis, University of Bristol (2020).

[15] C. Dittel, G. Dufour, G. Weihs, and A. Buchleitner, Wave-Particle Duality of Many-Body

Quantum states, Physical Review X 11, 031041 (2021).

[16] D. Spivak, Immanants and Their Applications in Quantum Optics, Master’s thesis, Lakehead

University (2020).

[17] D. Spivak, M. Y. Niu, B. C. Sanders, and H. de Guise, Generalized interference of fermions

and bosons, Physical Review Research 4, 023013 (2022).

[18] Z. Y. Ou, Temporal distinguishability of an N -photon state and its characterization by quan-

tum interference, Physical Review A 74, 10.1103/physreva.74.063808 (2006).

[19] B. Seron, L. Novo, A. Arkhipov, and N. J. Cerf, Efficient validation of Boson Sampling from

binned photon-number distributions, Quantum 8, 1479 (2024).

[20] M. C. Anguita, A. Camillini, S. Marzban, M. Robbio, B. Seron, L. Novo, and J. J. Renema,

Experimental validation of boson sampling using detector binning (2025), arXiv:2502.05093

[quant-ph].

[21] J. J. Renema, H. Wang, J. Qin, X. You, C. Lu, and J. Pan, Sample-efficient benchmarking of

multiphoton interference on a boson sampler in the sparse regime, Phys. Rev. A 103, 023722

(2021).

[22] G. Rodari, L. Novo, R. Albiero, A. Suprano, C. T. Tavares, E. Caruccio, F. Hoch, T. Giordani,

G. Carvacho, M. Gardina, N. Di Giano, S. Di Giorgio, G. Corrielli, F. Ceccarelli, R. Osellame,

N. Spagnolo, E. F. Galvão, and F. Sciarrino, Semi-Device-Independent Characterization of

Multiphoton Indistinguishability, PRX Quantum 6, 020340 (2025).

[23] S. Stanisic and P. S. Turner, Discriminating distinguishability, Physical Review A 98, 043839

(2018).

[24] A. E. Jones, S. Kumar, S. D’Aurelio, M. Bayerbach, A. J. Menssen, and S. Barz, Distinguisha-

bility and mixedness in quantum interference, Phys. Rev. A 108, 053701 (2023).

[25] A. Crespi, Suppression laws for multiparticle interference in Sylvester interferometers, Phys.

Rev. A 91, 013811 (2015).

[26] J. Münzberg, C. Dittel, M. Lebugle, A. Buchleitner, A. Szameit, G. Weihs, and R. Keil,

Symmetry Allows for Distinguishability in Totally Destructive Many-Particle Interference,

PRX Quantum 2, 020326 (2021).

[27] D. J. Brod, E. F. Galvão, N. Viggianiello, F. Flamini, N. Spagnolo, and F. Sciarrino, Wit-

nessing Genuine Multiphoton Indistinguishability, Phys. Rev. Lett. 122, 063602 (2019).

[28] Y.-S. Ra, M. C. Tichy, H.-T. Lim, O. Kwon, F. Mintert, A. Buchleitner,

and Y.-H. Kim, Nonmonotonic quantum-to-classical transition in multiparticle in-

terference, Proceedings of the National Academy of Sciences 110, 1227 (2013),

https://www.pnas.org/doi/pdf/10.1073/pnas.1206910110.

[29] A. E. Jones, A. J. Menssen, H. M. Chrzanowski, T. A. W. Wolterink, V. S. Shchesnovich, and

I. A. Walmsley, Multiparticle Interference of Pairwise Distinguishable Photons, Phys. Rev.

Lett. 125, 123603 (2020).

[30] M. C. Tichy, H.-T. Lim, Y.-S. Ra, F. Mintert, Y.-H. Kim, and A. Buchleitner, Four-photon

indistinguishability transition, Phys. Rev. A 83, 062111 (2011).

[31] T. Giordani, D. J. Brod, C. Esposito, N. Viggianiello, M. Romano, F. Flamini, G. Carva-

https://resolver.obvsg.at/urn:nbn:at:at-ubi:1-47210
https://doi.org/10.1103/physreva.74.063808
https://doi.org/10.22331/q-2024-09-19-1479
https://arxiv.org/abs/2502.05093
https://arxiv.org/abs/2502.05093
https://arxiv.org/abs/2502.05093
https://doi.org/10.1103/PhysRevA.103.023722
https://doi.org/10.1103/PhysRevA.103.023722
https://doi.org/10.1103/PRXQuantum.6.020340
https://doi.org/10.1103/PhysRevA.108.053701
https://doi.org/10.1103/PhysRevA.91.013811
https://doi.org/10.1103/PhysRevA.91.013811
https://doi.org/10.1103/PRXQuantum.2.020326
https://doi.org/10.1103/PhysRevLett.122.063602
https://doi.org/10.1073/pnas.1206910110
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.1206910110
https://doi.org/10.1103/PhysRevLett.125.123603
https://doi.org/10.1103/PhysRevLett.125.123603
https://doi.org/10.1103/PhysRevA.83.062111


15

cho, N. Spagnolo, E. F. Galvão, and F. Sciarrino, Experimental quantification of four-photon

indistinguishability, New Journal of Physics 22, 043001 (2020).

[32] A. Ferreri, V. Ansari, C. Silberhorn, and P. R. Sharapova, Temporally multimode four-photon

Hong-Ou-Mandel interference, Phys. Rev. A 100, 053829 (2019).

[33] K. Mayer, M. C. Tichy, F. Mintert, T. Konrad, and A. Buchleitner, Counting statistics of

many-particle quantum walks, Phys. Rev. A 83, 062307 (2011).

[34] C. Dittel, G. Dufour, M. Walschaers, G. Weihs, A. Buchleitner, and R. Keil, Totally Destruc-

tive Many-Particle Interference, Phys. Rev. Lett. 120, 240404 (2018).

[35] C. Dittel, G. Dufour, M. Walschaers, G. Weihs, A. Buchleitner, and R. Keil, Totally destructive

interference for permutation-symmetric many-particle states, Phys. Rev. A 97, 062116 (2018).

[36] T. Giordani, F. Flamini, M. Pompili, N. Viggianiello, N. Spagnolo, A. Crespi, R. Osellame,

N. Wiebe, M. Walschaers, A. Buchleitner, and F. Sciarrino, Experimental statistical signature

of many-body quantum interference, Nature Photonics 12, 173 (2018).

[37] M. Walschaers, J. Kuipers, J.-D. Urbina, K. Mayer, M. C. Tichy, K. Richter, and A. Buch-

leitner, Statistical benchmark for BosonSampling, New Journal of Physics 18, 032001 (2016).

[38] M. C. Tichy, M. Tiersch, F. de Melo, F. Mintert, and A. Buchleitner, Zero-Transmission Law

for Multiport Beam Splitters, Phys. Rev. Lett. 104, 220405 (2010).

[39] M. Pont, R. Albiero, S. E. Thomas, N. Spagnolo, F. Ceccarelli, G. Corrielli, A. Brieussel,
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TABLE I. Glossary of symbols

Symbol Definition

b(S|U, ρ) Generalized bunching probability (Eq. 3.8)

n Number of particles

HV Visible Hilbert space

HH Hidden Hilbert space

m dim(HV ), number of visible modes

L dim(HH), number of hidden modes

Partn,d Partitions of n with length at most d (Sec. A.4)

P (σ) Permutation representation (Eq. A.15)

(πλ,V
d
λ), (πλ,Sλ(H)) λ-irrep of the unitary group U(H) (Eq. A.16)

dim(Vd
λ) Number of semistandard tableaux (Eq. F.10)

(κλ, Spλ) λ-irrep of the symmetric group

dim(λ) Number of standard tableaux (Def. A.9)

ωnS Set of occupations (Eq. 2.6)

ωnS(T ) Occupations that are nonzero on T (Eq. 3.6)

Ki Singly occupied subspace (Eq. 3.4)

f1 First quantization function (Lem. A.11)

h(ρ) Auxiliary state (Def. B.2)

Fi(σ) Permutation matrix (Def. 3.2)

qλ Auxiliary irrep distribution (Cor. B.8)

G(S|U, i) Gram matrix (Eq. C.1)

c(□) Content of a box (Def. A.2)

χλ(σ) Irreducible character of a permutation (Eq. A.12)

Immλ Normalized λ-immanant (Def. 3.5)

ϕi Perfectly indistinguishable state (Eq. 3.5)

ϕλi Permutation-invariant state supported only on Hλ (Prop. C.2)

TrH(ρ) Visible state (Def. F.13)

ρi,µ Partially labelled state (Def. 3.8)

sλ(α) Schur polynomial (Def. F.2)

pλ(α) Power-sum symmetric polynomial (Def. F.3)

[λ] Set of boxes of λ (Sec. A.4)

len(λ) Length of a partition (Sec. A.4)

k↑λ Rising factorial (Eq. F.8)

SWn(α)(λ) Schur-Weyl distribution (Def. F.5)

Sλ(H)wt=w Weight space (Def. F.6)

ξ Conversion from locations to occupations (Eq. A.1)

ζ Conversion from occupations to locations (Eq. A.3)

α ≻ α′, λ ≻ µ Majorization (Def. 4.3, Def. I.3)

λ ⊵ µ Refinement (Def. 3.9)
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APPENDIXES

A glossary of symbols is provided in Tab. I. The appendix is structured as follows. In
App. A we present preliminaries. In App. B we present a derivation of the lemma that allows
us to calculate the generalized bunching probability for different scenarios. In App. C we
show that, for permutation-invariant states, the generalized bunching probability is equal to
a convex combination of immanants of a certain Gram matrix. In App. D we prove Thm. 3.7.
In App. E we prove Thm. 3.10. In App. F we introduce further preliminaries necessary for
proving Cor. 4.4. In App. G we express the generalized bunching probability in terms of
the visible state. In App. H we derive the visible state for permutation-invariant states.
In App. I we prove Cor. 4.4 and Cor. 4.5. In App. J we show that the visible occupation
distributions for partially labelled states spans the set of visible occupation distributions for
all permutation-invariant states. In App. K we offer some comments on the auxiliary state
space, and the role of entanglement in our work.

Appendix A: Preliminaries

1. Conventions for occupations

Definition A.1. For all i ∈ [d], define ξi : [d]
n → {0, . . . , n} by

ξi(j) =
∑
l

δi,jl , (A.1)

ξi(j) counts the number of times that i appears in j. The function i 7→ ξi(j) is an occupation
(Eq. 2.6). We define the function ξ from [d]n to the set of occupations ωn[d] by

ξ(j)(i) = ξi(j). (A.2)

For an occupation g ∈ ωnS, we write g! =
∏

s∈S g(s)!.

We need the following function ζ that switches from occupations (Eq. 2.6) to a list of
locations,

ζ : ωn[d] → [d]n, ζ(g) = (1, . . . , 1︸ ︷︷ ︸
g(1) times

, . . . , d, . . . , d︸ ︷︷ ︸
g(d) times

). (A.3)

ζ is defined so that

ξ(ζ(g)) = g. (A.4)

2. Probability theory

If α is a probability measure, we write X ∼ α to denote that the random variable X
is distributed according to α. We write EX∼α(f(X)) or EX(f(X)) to denote the expected
value of the function f .
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3. Linear algebra

Let V,W be finite dimensional complex Hilbert spaces.

• The algebra of linear maps on V is written End(V ).

• The trace of a linear operator T on V is written Tr(T ).

• If M ∈ End(V ⊗W ) is an operator on the tensor product of the Hilbert spaces V and
W , its partial trace over V is denoted TrV (ρ).

• The identity operator on V is denoted 1V .

• The support of a linear operator T : V → W , written supp(T ), is the orthogonal
complement to its null space.

4. Partitions, Young diagrams, and Young tableaux

We mostly follow the conventions in [77] and [68]. Given a partition λ, we write |λ| for
the sum of its entries, so that λ ⊢ |λ|. We write λ! =

∏
i∈[len(λ)] λi!. The set of partitions of n

is written Partn, and the set of partitions with length at most equal to d is written Partn,d.
We make use of Young diagrams and tableaux. For λ a partition of n, a Young diagram

of shape λ is a left-justified array of n boxes, with λi boxes in the ith row. For example, the
Young diagram of shape (4, 3, 1, 1) is

(A.5)

• We associate a partition to its Young diagram, and use the same symbol for the Young
diagram as its partition.

• For a partition λ ⊢ n, we write [λ] to mean the set of “boxes” of the Young diagram
associated to λ. A box can be filled with a positive integer, or empty. A generic box
□ is uniquely identified by its coordinates coord(□) = (i, j), where i is the row that
□ appears in λ, counting the rows from top to bottom, and j is the column that it
appears in λ, counting columns from left to right.

Definition A.2. The content of a box □ ∈ [λ] with coordinates coord(□) = (i, j) is defined
to be c(□) = j − i.

A Young tableau, simply referred to as a tableau, is a Young diagram whose boxes are
all filled with positive integers. The plural of tableau is tableaux. The Young diagram
associated with a tableau is called its shape. A semistandard tableau is a tableau such that,
for each row, the entries of the row are nondecreasing and for each column, the entries of
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the column are strictly increasing. For example, the tableau

1 1 3 4

2 3 4

4

5

(A.6)

is semistandard.
A tableau of shape λ ⊢ n is called standard if it is semistandard with distinct entries

from [n]. For example, the tableau

1 4 5 7

2 6 8

3

9

(A.7)

is standard.

5. Representation theory

See [70, 72] for textbooks on representation theory. Let G be a group. A representation
(ρ, V ) of G is a complex inner product space V and a group homomorphism ρ : G→ U(V ).
We will refer to ρ or V as being the representation when the other component is clear from
context. When the representation being used is clear from context, we write g · v to mean
ρ(g)v. The word “irrep” means irreducible representation.

For a representation (ρ,R) of a group G, we write (ResGH(ρ),Res
G
H(R)) for the restriction

of the representation to the subgroup H ⊆ G. Note that ResGH(R) is equal to R as a vector
space.

If (ρ, V ), (π,W ) are representations of a group G, their direct sum is written (ρ⊕ π, V ⊕
W ). Similarly, their tensor product is written (ρ ⊗ π, V ⊗W ). If (ρ, V ) is isomorphic to
(π,W ), we write V ∼= W .

We review Schur’s lemma.

Lemma A.3 (Schur ([72] Lem. 4.1.4)). Let G be a group, and let (ρ, V ), (π,W ) be finite
dimensional complex irreps of G.

1. Let T : V → W be a G-intertwiner. Then either V ∼= W and T is an isomorphism,
or T is the zero map.

2. Let T : V → V be a G-intertwiner. Then T = λ1V for some λ ∈ C.

We also list a few standard results that we need.

Corollary A.4. Let G be a group, and (ρ, V ) be a semisimple finite dimensional complex
representation of G, such that any irrep of G has multiplicity equal to zero or one in V . If
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T : V → V is a G-intertwiner, it is equal to

T =
⊕
s

λs1s (A.8)

for some λs ∈ C, and the direct sum is over the irreducible subspaces of V .

Lemma A.5 ([70] Thm. 2.12). If G is a finite group, and χ1, . . . , χd are its distinct irre-
ducible characters, then

1

|G|
∑
g∈G

χi(g)χj(g)
∗ = δij. (A.9)

Definition A.6 ([72] Sec. 4.1.6). Let G be a finite group, and let (ρ, V ) be a representation
of G. Let µ be an equivalence class of representations of G. The µ-isotype of G in V is the
sum of subspaces

V(µ) =
∑

U⊂V |[U ]=µ

U, (A.10)

where [U ] is the equivalence class of U .

Lemma A.7 ([70] Eq. 2.32). Let G be a finite group, and let (ρ, V ) be a representation of
G. Let µ be an irrep of G, and let χµ = Tr ◦ µ be the corresponding irreducible character.
Then

Θµ :=
χµ(e)

|G|
∑
g∈G

χµ(g)ρ(g
−1) (A.11)

is a projector onto the µ-isotype of G in V .

6. Representation theory of the symmetric group

See [70–77] for descriptions of the representation theory of the symmetric group. The
group of permutations of n letters, also called the symmetric group on n letters, is written Sn.
Every permutation σ ∈ Sn can be written as a product of disjoint cycles, and furthermore
this decomposition is unique up to reordering of the cycles. The lengths of the cycles of σ
form a partition of n, known as the cycle type of σ. Since each cycle is conjugate to every
other of the same length, the cycle types enumerate the conjugacy classes of Sn. Since the
number of conjugacy classes is equal to the number of irreps of a finite group, the irreps are
enumerated by partitions as well.

The irreps of Sn are called the Specht modules, and they are indexed by partitions of
n. We use the Young orthogonal form of the Specht modules, which comes equipped with
the Young-Yamanouchi basis, defined, for example, in Ref. 71. This basis is an orthonormal
basis, and the representation matrices are orthogonal. We denote the irrep of shape λ ⊢ n
by (κλ, Spλ). The character of the irrep Spλ is written χλ : Sn → C, so

χλ(σ) = Tr(κλ(σ)). (A.12)
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The dimension of the Specht module Spλ is the number of standard tableaux of shape λ.
To state a formula for this number, we make use of the following definition.

Definition A.8. Let λ ⊢ n, and let □ ∈ [λ]. Let (i, j) = coord(□). The hook length h(□)
is defined to be λi − j + (λ′j − i) + 1, where λ′ is the transpose of the Young diagram λ.

Definition A.9. We denote the number of standard tableaux of shape λ ⊢ n by dim(λ). It
can be calculated from the hook length formula, which is

dim(λ) =
n!∏

□∈[λ] h(□)
. (A.13)

The dimension of Spλ is dim(λ).

7. Schur-Weyl duality

Let K =
(
Cd
)⊗n

be the n-fold tensor product of d dimensional systems. The unitary
group U(d) acts on this Hilbert space under the tensor power action ⊗n : U(d) → U(K)

⊗n(U) |ψ⟩ = U⊗n |ψ⟩ . (A.14)

The symmetric group Sn acts under the action P : Sn → U(K) that exchanges the tensor
factors. That is, for computational basis states,

P (σ) |i1, . . . , in⟩ = |iσ−1(1), . . . , iσ−1(n)⟩ . (A.15)

The actions by unitaries commute with those by the permutations. Furthermore [73], writing
⟨S⟩ for the algebra generated by S ⊆ End(K), the algebras ⟨{⊗n(U)|U ∈ U(d)}⟩ and
⟨{P (σ)|σ ∈ Sn}⟩ centralize each other in End(K). Accordingly, the space

Vd
λ = HomSn(Spλ, (Cd)⊗n) =

{
f : Spλ → (Cd)⊗n linear

∣∣f(σ · v) = σ · f(v) ∀σ ∈ Sn
}
(A.16)

is an irrep of U(d), where the action is defined as (U · f)(v) = U · f(v). We write (πλ,V
d
λ)

for this irrep of U(d). A consequence of these results is Schur-Weyl duality ([73], Cor. 4.59),
which gives the following decomposition of (Cd)⊗n as an Sn × U(d) representation,

(Cd)⊗n ∼=
⊕

λ∈Partn,d

Spλ ⊗ Vd
λ, (A.17)

where we recall the definition Partn,d = {λ ⊢ n|len(λ) ≤ d}. In this decomposition, the
matrices representing permutations and unitaries are given by

P (σ) =
⊕

λ∈Partn,d

κλ(σ)⊗ 1Vd
λ
, (A.18)
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and

U⊗n =
⊕

λ∈Partn,d

1Spλ ⊗ πλ(U). (A.19)

For a complex inner product space W of dimension d, we write Sλ(W ) for the irrep of
U(W ) isomorphic to Vd

λ. Sλ is called the Schur functor of shape λ.

8. Physics background

Let ψ1, . . . , ψk, ϕ1, . . . , ϕk ∈ H be states. Let P (σ) be as defined in Eq. A.15. Then we
have

Lemma A.10 (Expectation of products of creation operators).

⟨0| aψ1 · · · aψk
a†ϕk · · · a

†
ϕ1
|0⟩ = ⟨ψ1, · · · , ψk|k!ΠSymk |ϕ1, · · · , ϕk⟩ , (A.20)

where ΠSymk is the projector onto the symmetric subspace of H⊗k, given by ΠSymk =
1
k!

∑
σ∈Sk

P (σ).

See, for example, [45] Lem. 2.9.1 for a proof.

Lemma A.11 (First quantization). The map f1 : Sym
k(H) → H⊗k

f1(a
†
i1
· · · a†ik |0⟩) =

√
k!ΠSymk |i1, . . . , ik⟩ (A.21)

=
1√
k!

∑
σ∈Sk

P (σ) |i1, . . . , ik⟩ (A.22)

is an isometric intertwiner between the linear-optical action and the tensor power action.

See, for example, [45] Cor. 2.9.2 for a proof. We also extend the first quantization map
to density matrices, so f1(|i⟩ ⟨j|) = f1(|i⟩) ⊗ (f1(|j⟩))†. Then f1 is an isometric intertwiner
between the adjoint action on B+(Sym

k(H)) and that on B+(H⊗k), with respect to the trace
inner product.

We consider a linear-optics experiment where the bosons have a hidden DOF, so the
single-particle Hilbert space H1 is a tensor product, H1 = HV ⊗HH . We use the notation
m = dim(HV ) and L = dim(HH) throughout the appendices.

Appendix B: Derivation of first quantized expression of generalized bunching

probability

LetH be a Hilbert space of dimension T . For g ∈ ωn[T ], let |ζ(g)⟩ = |ζ(g)1⟩⊗· · ·⊗|ζ(g)n⟩ ∈
H⊗n (Eq. A.3). Let ΠSymn ∈ B+(H⊗n) be the projector onto the symmetric subspace of H⊗n.
We make use of the definition of occupations ωn[T ](S) that are nonzero on a subset S ⊆ [T ]

from Eq. 3.6. Define for S ⊆ [T ], define ΠS =
∑

s∈S|s⟩⟨s|.
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Lemma B.1. Let H be a Hilbert space of dimension T . Let S ⊆ [T ]. Then

ΠSymnΠ⊗n
S ΠSymn = n!

∑
g∈ωn

[T ]
(S)

ΠSymn
|ζ(g)⟩⟨ζ(g)|

g!
ΠSymn . (B.1)

Proof. Observe that

P (σ)ΠSymn = P (σ)
1

n!

∑
τ∈Sn

P (τ) =
1

n!

∑
τ∈Sn

P (στ) =
1

n!

∑
τ∈Sn

P (τ) = ΠSymn . (B.2)

Therefore,

n!
∑

g∈ωn
[T ]

(S)

ΠSymn
|ζ(g)⟩⟨ζ(g)|

g!
ΠSymn =

∑
σ∈Sn

∑
g∈ωn

[T ]
(S)

ΠSymnP (σ)
|ζ(g)⟩⟨ζ(g)|

g!
P (σ−1)ΠSymn .

(B.3)

Now observe that, for any element σ in the stabilizer of ζ(g), P (σ) |ζ(g)⟩ = |ζ(g)⟩. This
stabilizer has cardinality g!. Observe also that Sn is the union of the orbits of the ζ(g) for
g ∈ ωn[T ](S) under the permutation group. Therefore,

n!
∑

g∈ωn
[T ]

(S)

ΠSymn
|ζ(g)⟩⟨ζ(g)|

g!
ΠSymn = ΠSymnΠ⊗n

S ΠSymn . (B.4)

According to Def. 3.1, the singly occupied pure states are of the form
∑

j∈[L]n ψja(i, j)
† |0⟩,

where the states a(i, j)† |0⟩ are orthonormal. This suggests an isometry betweenKi andH⊗n
H

that maps a(i, j)† |0⟩ to |j⟩. This isometry is formalized by the next definition.

Definition B.2. Let i be a list of n distinct indices from [m]. We define the function
h : Ki → H⊗n

H (Def. 3.1), by

h(|ψ⟩) =
∑

j∈[L]n
|j⟩ ⟨0| a(i, j) |ψ⟩ (B.5)

for |ψ⟩ ∈ Ki. We also overload notation and extend the function h to density matrices. For
density matrices ρ ∈ D(Ki), h(ρ) is given by

h(ρ) =
∑

j,j′∈[L]n
Tr
(
ρa†(i, j)|0⟩⟨0|a(i, j ′)

)
|j⟩⟨j ′|. (B.6)

The state h(ρ) is called the auxiliary state of ρ.

Proposition B.3. The function h is a linear isomorphism between Ki and H⊗n
H .
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Proof. We claim that the inverse of h is h−1 : H⊗n
H → Ki, given by

h−1(|ϕ⟩) =
∑
j

a†(i, j) |0⟩ ⟨j|ϕ⟩ . (B.7)

To prove the claim, we calculate

h−1(h(a†(i,k) |0⟩)) =
∑
j

a†(i, j) |0⟩ ⟨j|
∑
j′

|j ′⟩ ⟨0| a(i, j ′)a†(i,k) |0⟩ (B.8)

=
∑
j,j′

δj,j′δj′,ka
†(i, j) |0⟩ (B.9)

= a†(i,k) |0⟩ , (B.10)

so h−1 is a left inverse. To show it is a right inverse, we calculate

h(h−1(|k⟩)) =
∑
j′

|j ′⟩ ⟨0| a(i, j ′)
∑
j

a†(i, j) |0⟩ ⟨j|k⟩ (B.11)

=
∑
j,j′

δj,j′δj,k |j ′⟩ (B.12)

= |k⟩ . (B.13)

The next lemma provides an expression for the generalized bunching probability b(S|U, ρ)
(Eq. 3.8) when the initial state is in D(Ki).

Lemma B.4. Let ρ be a state that singly occupies the n distinct sites i (Eq. 3.4). Then,
with h(ρ) the auxiliary state of ρ,

b(S|U, ρ) = Tr
(
n!ΠSymn

(
Π⊗n
S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ h(ρ)
))
. (B.14)

Proof. We start with Eq. 3.8,

b(S|U, ρ) =
∑

g∈ωn
[m]×[L]

(S×[L])

Tr
((
(U ⊗ 1) · ρ · (U † ⊗ 1)

)
|g⟩⟨g|

)
. (B.15)

We first overload notation so that

ζ(g) =

(
(1, 1), . . . , (1, 1)︸ ︷︷ ︸

g(1,1) times

, . . . , (m,L), . . . , (m,L)︸ ︷︷ ︸
g(m,L) times

)
(B.16)

where the ordering of the elements of [m]× [L] is arbitrary but fixed. We also overload

a†(k1, . . . , kn) = a†k1 · · · a
†
kn
. (B.17)
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Then, we can express Eq. B.15 as

b(S|U, ρ) =
∑

g∈ωn
[m]×[L]

(S×[L])

1

g!
Tr
((
(U ⊗ 1) · ρ · (U † ⊗ 1)

)
a†(ζ(g))|0⟩⟨0|a(ζ(g))

)
. (B.18)

By Lem. A.11, this is equal to

b(S|U, ρ) =
∑

g∈ωn
[m]×[L]

(S×[L])

1

g!
Tr
(
n!(U ⊗ 1)⊗nf1(ρ)(U

† ⊗ 1)⊗nΠSymn|ζ(g)⟩⟨ζ(g)|ΠSymn

)
(B.19)

By Lem. B.1 applied to the set of modes S × [L], this is

b(S|U, ρ) = Tr
(
(U ⊗ 1)⊗nf1(ρ)(U

† ⊗ 1)⊗nΠSymn(ΠS ⊗ 1)⊗nΠSymn

)
(B.20)

Since ρ singly occupies the sites i (Eq. 3.4), ρ can be expressed as

ρ =
∑

j,j′∈[L]n
ρj,j′a

†(i, j) |0⟩⟨0| a(i, j ′). (B.21)

Then we calculate

f1(ρ) =
∑

j,j′∈[L]n
ρj,j′f1(a

†(i, j) |0⟩⟨0| a(i, j ′)) (B.22)

=
∑

j,j′∈[L]n
ρj,j′n!ΠSymn|i, j⟩⟨i, j ′|ΠSymn . (B.23)

Now we calculate the auxiliary state h(ρ) (Def. B.2),

h(ρ) =
∑
k,k′

Tr
(
ρa†(i,k)|0⟩⟨0|a(i,k′)

)
|k⟩⟨k′| (B.24)

=
∑

k,k′,j,j′

ρj,j′ Tr
(
a†(i, j)|0⟩⟨0|a(i, j ′)a†(i,k)|0⟩⟨0|a(i,k′)

)
|k⟩⟨k′| (B.25)

=
∑

k,k′,j,j′

ρj,j′δj,kδj′,k′ |k⟩⟨k′|, (B.26)

since i is a list of distinct indices. Doing the sums on k,k′ then yields

h(ρ) =
∑
j,j′

ρj,j′ |j⟩⟨j ′|. (B.27)

Therefore, after appropriate reordering of tensor factors, we have

f1(ρ) = n!ΠSymn(|i⟩⟨i| ⊗ h(ρ))ΠSymn . (B.28)
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Therefore, we can plug into Eq. B.20 and use the cyclicity of trace to obtain

b(S|U, ρ) = Tr
(
(U ⊗ 1)⊗nn!ΠSymn(|i⟩⟨i| ⊗ h(ρ))ΠSymn(U † ⊗ 1)⊗nΠSymn(ΠS ⊗ 1)⊗nΠSymn

)
(B.29)

= Tr
(
n!ΠSymn

(
U⊗n|i⟩⟨i|(U †)⊗n ⊗ h(ρ)

)
(ΠS ⊗ 1)⊗n

)
(B.30)

= Tr
(
n!ΠSymn

(
Π⊗n
S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ h(ρ)
))
. (B.31)

The permutation action on the sites is given by the representation Fi of Sn (Def. 3.2).
Loosely speaking, the subspace Ki defined in Def. 3.1 is special because we can permute
the entries of j by permuting the modes i. This notion is made precise in the following
proposition.

Proposition B.5. Let i be a list of n distinct indices from [m]. Let σ ∈ Sn. Let j ∈ [L]n.
Then

(Fi(σ)⊗ 1HH
) · a†(i, j) |0⟩ = a†(i, σ · j) |0⟩ . (B.32)

Proof. The proposition is established by the following calculation:

(Fi(σ)⊗ 1HH
) · a†(i, j) |0⟩ = a†iσ(1),j1

· · · a†iσ(n),jn
|0⟩ (B.33)

= a†i1,jσ−1(1)
· · · a†in,jσ−1(n)

|0⟩ (B.34)

= a†(i, σ · j) |0⟩ . (B.35)

We define

Sn(i) = Fi(Sn) ⊂ U(HV ) (B.36)

to be the image of the map Fi defined in Def. 3.2, which is the set of permutation matrices on
HV that act trivially on the orthogonal complement of the subspace spanned by {|ix⟩}x∈[n].
Observe that the restriction of the linear-optical action of U(HV ⊗ HH) to the subgroup
Sn(i) × U(HH) gives rise to an action of Sn × U(HH) on Ki. We also have the action of
Sn × U(HH) on H⊗n

H from Eqs. A.14,A.15. With respect to these actions, we have

Lemma B.6. The function h (Def. B.2) is an Sn × U(HH)-isomorphism between Ki and
H⊗n
H .

Proof. Define the representation Gi : Sn → U(Ki) given by

Gi(σ)v = (Fi(σ)⊗ 1HH
) · v, (B.37)

where the action on the right-hand side is the linear-optical action. We claim that h is an
Sn-intertwiner between the representations Gi and P (Eq. A.15). To verify the claim, let
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|ψ⟩ ∈ Ki and calculate

h((Fi(σ)⊗ 1HH
) · |ψ⟩) =

∑
j

|j⟩ ⟨0| a(i, j)(Fi(σ)⊗ 1HH
) · |ψ⟩ (B.38)

=
∑
j

|j⟩
(
(Fi(σ)⊗ 1HH

)† · a†(i, j) |0⟩
)† |ψ⟩ (B.39)

=
∑
j

|j⟩ ⟨0| a(i, σ−1 · j) |ψ⟩ (B.40)

by Prop. B.5. Continuing,

h((Fi(σ)⊗ 1HH
) · |ψ⟩) =

∑
j

|σ · j⟩ ⟨0| a(i, j) |ψ⟩ (B.41)

= P (σ)
∑
j

|j⟩ ⟨0| a(i, j) |ψ⟩ (B.42)

= P (σ)h(|ψ⟩). (B.43)

Therefore, h intertwines P and Gi.
Define the representation J : U(HH) → U(Ki) given by

J(U)v = (1HV
⊗ U) · v, (B.44)

where the action on the right-hand side is the linear-optical action. Define the representation
⊗n : U(HH) → U(H⊗n

H ) by ⊗n(U)v = U⊗nv. We claim that h is a U(HH)-intertwiner
between the representations J and ⊗n. Let k ∈ [L]n. Let U ∈ U(HH). If k′ ∈ [L]n, let
U(k′|k) = Uk′1,k1 · · ·Uk′n,kn . Then,

h(J(U)a†(i,k) |0⟩) = h((1HV
⊗ U) · a†(i,k) |0⟩) (B.45)

=
∑
j

|j⟩ ⟨0| a(i, j)(1HV
⊗ U) · a†(i,k) |0⟩ (B.46)

=
∑
j

|j⟩ ⟨0| a(i, j)
∑
k′

U(k′|k)a†(i,k′) |0⟩ (B.47)

=
∑
j

|j⟩
∑
k′

U(k′|k)δj,k′ (B.48)

=
∑
j

|j⟩U(j|k) (B.49)

= U⊗n |k⟩ (B.50)

= U⊗nh(a†(i,k) |0⟩) (B.51)

Now we construct the representation Gi × J : Sn × U(HH) → U(Ki), (Gi × J)(σ, U) =
Gi(σ)J(U). The actions defined by Gi and J commute because the visible unitaries commute
with the hidden unitaries. Define the representation P × ⊗n : Sn × U(HH) → U(H⊗n

H )
similarly. Therefore, h is an Sn × U(HH)-intertwiner between Gi × J and P × ⊗n. By
Prop. B.3, h is a linear isomorphism, and therefore it is an isomorphism of representations.
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By applying Schur-Weyl duality (Eq. A.17) we have

Corollary B.7 ([72], Thm. 9.2.8). As an Sn × U(HH) representation,

Ki
∼=

⊕
λ∈Partn,d

Spλ ⊗ Sλ(HH). (B.52)

Corollary B.8. Suppose ρ singly occupies the n distinct sites i ∈ [m]n, and is permutation
invariant (Eq. B.53). Then there exists a probability distribution qλ over partitions of n,
and states τλ ∈ D(Sλ(HH)) such that

h(ρ) =
⊕

λ∈Partn,d

qλ
1Spλ

dim(λ)
⊗ τλ (B.53)

where the decomposition is with respect to the one induced by the Sn × U(HH)-action on
H⊗n
H . The distribution qλ is called the auxiliary irrep distribution of ρ.

Proof. This is immediate from Lem. B.6 and Schur’s lemma.

Appendix C: Expressing the generalized bunching probability in terms of immanants

Let S ⊆ [m]. The Gram matrix associated with S ⊆ [m], the unitary U ∈ U(HV ) and
the n distinct sites i from [m] is defined by

G(S|U, i)xy =
∑
s∈S

U∗
s,ixUs,iy . (C.1)

for x, y ∈ [n].

Lemma C.1. Let ρ be a permutation-invariant state that singly occupies the n distinct sites
i ∈ [m]n (Def. 3.3). Then, with qλ given by the auxiliary irrep distribution of ρ (Cor. B.8),

b(S|U, ρ) =
∑

λ∈Partn,d

qλImmλ(G(S|U, i)). (C.2)

Proof. We define the representation R : Sn → U(H⊗n
H ) in analogy with the definition of P

(Eq. A.15) by its action on computational basis vectors,

R(σ) |k1, . . . , kn⟩ = |kσ−1(1), . . . , kσ−1(n)⟩ (C.3)

By Lem. B.4, the generalized bunching probability is

b(S|U, ρ) = Tr
(
n!ΠSymn(Π⊗n

S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n
S ⊗ h(ρ))

)
(C.4)

=
∑
σ∈Sn

Tr
(
(Π⊗n

S U⊗nP (σ)|i⟩⟨i|(U †)⊗nΠ⊗n
S ⊗R(σ)h(ρ))

)
(C.5)

=
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩Tr(R(σ)h(ρ)). (C.6)
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By Schur-Weyl duality (Eq. A.18), we have R(σ) =
⊕

λ∈Partn,d
κλ(σ)⊗ 1Sλ(HH), so

b(S|U, ρ) =
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩Tr

 ⊕
λ∈Partn,d

κλ(σ)⊗ 1Sλ(HH)h(ρ)

. (C.7)

By Cor. B.8, this is

b(S|U, ρ) =
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩Tr

 ⊕
λ∈Partn,d

(
κλ(σ)⊗ 1Sλ(HH)

)(
qλ

1Spλ

dim(λ)
⊗ τλ

)
(C.8)

=
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩

∑
λ∈Partn,d

qλ
χλ(σ)

dim(λ)
(C.9)

=
∑

λ∈Partn,d

qλImmλ(G(S|U, i)), (C.10)

where G is the Gram matrix of Eq. C.1.

Proposition C.2. Let i be a list of n distinct indices from [m], and λ ⊢ n. Assume L ≥ n.
Then the state

ϕλi = h−1

(
1Spλ

dim(λ)
⊗

1Sλ(HH)

dim(Sλ(HH))

)
(C.11)

is a permutation-invariant state singly occupying the sites i whose auxiliary irrep distribution
(Cor. B.8) is qµ = δµλ.

Proof. Since h (Def. B.2) is an isomorphism, ϕλi is indeed a permutation-invariant state
singly occupying i. Since h(ϕλi ) is supported only on the λ-isotype and h−1 is an intertwiner,
ϕλi is supported only on the λ-isotype by Schur’s lemma. This concludes the proof.

Corollary C.3. We take the same hypotheses as in Prop. C.2. Let S ⊆ [m]. Then,

b(S|U, ϕλi ) = Immλ(G(S|U, i)). (C.12)

Proof. Apply Prop. C.2 and Lem. C.1.

We also need the generalized bunching probability of the perfectly indistinguishable state
in our proof of Thm. 3.7.

Proposition C.4. Let i be a list of n distinct indices from [m], and let ϕi be the perfectly
indistinguishable state, defined in Eq. 3.5. The generalized bunching probability for ϕi is

b(S|U, ϕi) = Imm(n)(G(S|U, i)). (C.13)
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We note that Imm(n) is the permanent.

Proof. We calculate the auxiliary state h(ϕi) using Def. B.2. Write 1n for the string con-
taining n many 1s. Then,

h(ϕi) =
∑
j,j′

Tr
(
ϕia

†(i, j)|0⟩⟨0|a(i, j ′)
)
|j⟩⟨j ′| (C.14)

=
∑
j,j′

Tr
(
a†(i, (1n))|0⟩⟨0|a(i, (1n))a†(i, j)|0⟩⟨0|a(i, j ′)

)
|j⟩⟨j ′| (C.15)

= |1n⟩⟨1n|. (C.16)

We apply Lem. B.4 to obtain

b(S|U, ρ) =
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩Tr(R(σ)h(ρ)) (C.17)

=
∑
σ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗nP (σ) |i⟩ (C.18)

= Imm(n)(G(S|U, i)), (C.19)

since χ(n)(σ) = 1 for all σ ∈ Sn.

Appendix D: Proof of equivalence of conjectures

We show in this section that the weak generalized-bunching conjecture is equivalent to
Lieb’s permanental-dominance conjecture for immanants.

Theorem 3.7. The weak generalized-bunching conjecture (Conj. 3.4) is equivalent to Lieb’s
permanental-dominance conjecture for immanants (Conj. 3.6).

Proof. First, we show that Lieb’s conjecture implies the weak generalized-bunching conjec-
ture. Let i be a list of n distinct indices from [m], and let ρ be a permutation-invariant state
(Def. 3.3) that singly occupies the sites i. Let S ⊆ [m]. Let U ∈ U(HV ). By Lem. C.1, we
can express the generalized bunching probability in terms of the Gram matrix G (Eq. C.1)
and the auxiliary irrep distribution {qλ}λ of ρ according to

b(S|U, ρ) =
∑

λ∈Partn,d

qλImmλ(G(S|U, i)). (D.1)

By Prop. C.4, we have Imm(n)(G(S|U, i)) = b(S|U, ϕi), where ϕi is defined in Eq. 3.5. Since
it is a Gram matrix, G(S|U, i) is positive semidefinite, and therefore, by Lieb’s conjecture,
we have

b(S|U, ρ) ≤ Imm(n)(G(S|U, i)) = b(S|U, ϕi). (D.2)

To prove the converse, let M be a nonzero n × n positive-semidefinite matrix. Write
N = M/∥M∥, where ∥M∥ is the spectral norm of M . This ensures that 1 − N is positive



33

semidefinite. Construct the isometry

V =

( √
N√

1−N

)
, (D.3)

then append an orthonormal basis of the nullspace of V as columns to get a unitary matrix
U . Since the choices of HH and HV are arbitrary in the statement of the weak generalized-
bunching conjecture, we can choose dim(HH) = n so that ϕλi (Prop. C.2) is well-defined,
and we can choose dim(HV ) = 2n, so the unitary U ∈ U(HV ). Now let S = {1, . . . , n},
i = (1, . . . , n), and calculate the Gram matrix (Eq. C.1)

G(S|U, i)x,y =
∑
s∈S

U∗
s,ixUs,iy (D.4)

=
∑
s∈[n]

(
√
N)∗s,x(

√
N)s,y (D.5)

= Nx,y (D.6)

By Cor. C.3, we have that b(S|U, ϕλi ) = Immλ(G(S|U, i)). Then by the weak generalized-
bunching conjecture applied to U and the subset S,

∥M∥n 1

χλ(e)

∑
σ∈Sn

χλ(σ)
n∏
x=1

Nx,σ(x) = ∥M∥nb(S|U, ϕλi ) ≤ ∥M∥nb(S|U, ϕi) = ∥M∥nImm(n)(N)

(D.7)

=⇒ 1

χλ(e)

∑
σ∈Sn

χλ(σ)
n∏
x=1

Mx,σ(x) ≤ Imm(n)(M). (D.8)

Appendix E: Partial order on partially labelled states

We show that if the weak generalized-bunching conjecture (Conj. 3.4) holds, then the
generalized bunching probability for partially labelled states (Def. 3.8) is monotonic with
respect to the refinement partial order (Def. 3.9).

Write Qµ(q) for the set of ordered partitions of the set q into sets with sizes given by
µ ⊢ |q|. Writing len(µ) = l, elements of Qµ(q) are maps R : [l] → P(q) to the powerset of
q such that i ̸= j =⇒ R(i) ∩ R(j) = ∅,

⋃
i∈[n]R(i) = q, and |R(i)| = µi. When we write

Qµ(i) for a list of indices i, we mean Qµ(Set(i)), where Set(i) = {ix|x ∈ [n]} is the set of
elements of i. For an ordered partition R ∈ Qµ(q), we write r ∈ R to mean r is an element
of the image of R.

Recall the definition of the perfectly indistinguishable state ϕi from Eq. 3.5. Since ϕi

does not depend on the ordering of the elements of the list of indices i, we also define it for
when i is a set of indices, rather than a list.

Proposition E.1. Let i be a list of n distinct indices from [m], and µ ⊢ n be a partition
of n such that len(µ) = l ≤ L. Let S ⊆ [m], and let U ∈ U(HV ). Then the generalized
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bunching probability for the partially labelled state ρi,µ (Def. 3.8) is

b(S|U, ρi,µ) =
µ!

n!

∑
R∈Qµ(i)

∏
r∈R

b(S|U, ϕr) (E.1)

Proof. First we define

ρi,µ,σ = a†(σ−1 · i, µ)|0⟩⟨0|a(σ−1 · i, µ), (E.2)

so that ρi,µ = 1
n!

∑
σ∈Sn

ρi,µ,σ. From Lem. B.4 we have

b(S|U, ρi,µ) = Tr
(
n!ΠSymn

(
Π⊗n
S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ h(ρi,µ)
))

(E.3)

=
1

n!

∑
σ∈Sn

Tr
(
n!ΠSymn

(
Π⊗n
S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ h(ρi,µ,σ)
))

(E.4)

=
1

n!

∑
σ∈Sn

b(S|U, ρi,µ,σ), (E.5)

since h (Def. B.2) is a linear isomorphism by Prop. B.3. Then,

h(ρi,µ,σ−1) =
∑
j,j′

Tr
(
ρi,µ,σa

†(i, j)|0⟩⟨0|a(i, j ′)
)
|j⟩⟨j ′| (E.6)

=
∑
j,j′

Tr
(
a†(σ · i, µ)|0⟩⟨0|a(σ · i, µ)a†(i, j)|0⟩⟨0|a(i, j ′)

)
|j⟩⟨j ′|. (E.7)

Define δ(i, j) = δi,j to make the arguments easier to read. Continuing the calculation and
making use of Lem. A.10,∑

j,j′

Tr
(
a†(σ · i, µ)|0⟩⟨0|a(σ · i, µ)a†(i, j)|0⟩⟨0|a(i, j ′)

)
|j⟩⟨j ′| (E.8)

=
∑
j,j′

∑
τ,τ ′∈Sn

δ(σ · i, τ · i)δ(µ, τ · j)δ(σ · i, τ ′ · i)δ(µ, τ ′ · j)|j⟩⟨j ′| (E.9)

=
∑
j,j′

∑
τ,τ ′∈Sn

δ(σ, τ)δ(τ−1 · µ, j)δ(σ, τ ′)δ((τ ′)−1 · µ, j)|j⟩⟨j ′| (E.10)

=
∣∣σ−1 · µ

〉〈
σ−1 · µ

∣∣. (E.11)
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Therefore, by Lem. B.4,

b(S|U, ρi,µ,σ) = Tr
(
n!ΠSymn

(
Π⊗n
S U⊗n|i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ |σ · µ⟩⟨σ · µ|
))

(E.12)

=
∑
τ∈Sn

Tr
(
Π⊗n
S U⊗n|τ · i⟩⟨i|(U †)⊗nΠ⊗n

S ⊗ |τσ · µ⟩⟨σ · µ|
)

(E.13)

=
∑
τ∈Sn

⟨i| (U †)⊗nΠ⊗n
S U⊗n |τ · i⟩ δ(τσ · µ, σ · µ) (E.14)

=
∑

τ∈S(σ·µ)

⟨i| (U †)⊗nΠ⊗n
S U⊗n |τ · i⟩ , (E.15)

where S(σ · µ) = {τ ∈ Sn|τ · (σ · µ) = σ · µ}. Define the ordered partition Rσ ∈ Qµ(i) by
Rσ(x) = {iv|v ∈ [n] s.t. (σ · µ)v = x}. Observe that the elements of the stabilizer S(σ · µ)
are permutations of [n] that preserve the ordered partition Rσ. That is, if τ ∈ S(σ · µ),
then τ can be expressed as τRσ(1) · · · τRσ(l), where each τRσ(x) acts nontrivially only on Rσ(x).

Now define |i(x)⟩ to be the tensor product of the factors of |i⟩ corresponding to Rσ(x), and
define |1k⟩ = |1⟩ ⊗ · · · ⊗ |1⟩ ∈ H⊗k

H . This shows that the right-hand side of Eq. E.15 can be
written as

b(S|U, ρi,µ,σ) =
∏
x∈[l]

∑
τx∈Sµx

⟨i(x)| (U †)⊗µxΠ⊗µx
S U⊗µx |τx · i(x)⟩ (E.16)

=
∏
x∈[l]

∑
τx∈Sµx

⟨i(x)| (U †)⊗µxΠ⊗µx
S U⊗µx |τx · i(x)⟩ ⟨1µx|τx · 1µx⟩ (E.17)

=
∏
x∈[l]

Tr
(
µx!ΠSymµx

(
Π⊗µx
S U⊗µx

∣∣i(x)〉〈i(x)∣∣(U †)⊗µxΠ⊗µx
S ⊗ |1µx⟩⟨1µx|

))
. (E.18)

We have that |1µx⟩⟨1µx | = h(ϕRσ(x)), so

b(S|U, ρi,µ,σ) =
∏
r∈Rσ

b(S|U, ϕr). (E.19)

Let S(µ) be the stabilizer of µ under the action of Sn, and let A be a coset transversal of
Sn/S(µ). If σ′ and σ are in the same coset of S(µ), then ρi,µ,σ = ρi,µ,σ′ . Therefore, returning
to Eq. E.5,

b(S|U, ρi,µ) =
1

n!

∑
σ∈Sn

b(S|U, ρi,µ,σ) (E.20)

=
µ!

n!

∑
π∈A

b(S|U, ρi,µ,π) (E.21)

=
µ!

n!

∑
π∈A

∏
r∈Rπ

b(S|U, ϕr) (E.22)

We claim that the map f : A → Qµ(i) given by f(π) = Rπ is a bijection between A and
Qµ(i). First we show that f is injective. Suppose π, π′ ∈ A are such that Rπ = Rπ′ . Then
π ·µ = π′ ·µ, so since A is a coset transversal, π = π′. To show f is surjective, let R ∈ Qµ(i).
Then let cR to be the list such that, for all x ∈ [l], v ∈ R(x) =⇒ (cR)v = x. Then cR is
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in the orbit of µ. By the orbit-stabilizer theorem, the orbit of µ is in bijection with A, and
therefore there exists π ∈ A such that π · µ = cR. Therefore,

b(S|U, ρi,µ) =
µ!

n!

∑
R∈Qµ(i)

∏
r∈R

b(S|U, ϕr). (E.23)

We now state Thm. 3.10 again and prove it.

Theorem 3.10. Denote m = dim(HV ), L = dim(HH), let i be a list of n distinct indices
from [m], and let λ, µ ⊢ n such that len(λ) ≤ L and len(µ) ≤ L. Let U ∈ U(HV ), and let
S ⊆ [m]. Suppose that Conj. 3.4 holds. Then,

λ ⊵ µ =⇒ b(S|U, ρi,λ) ≥ b(S|U, ρi,µ). (3.16)

Proof. According to Prop. E.1,

b(S|U, ρi,λ) =
λ!

n!

∑
R∈Qλ(i)

∏
r∈R

b(S|U, ϕr). (E.24)

Let N = len(λ). Since λ ⊵ µ (Def. 3.9), there exist partitions ν(x) ⊢ λx for x ∈ [N ]
such that µ =

∑
x∈[N ] ν

(x). Since ρR(x),ν(x) is a permutation-invariant state, by the weak
generalized-bunching conjecture we have

b(S|U, ϕR(x)) ≥ b(S|U, ρR(x),ν(x)) (E.25)

=
ν(x)!

|R(x)|!
∑

Qx∈Qν(x)
(R(x))

∏
qx∈Qx

b(S|U, ϕqx). (E.26)

Therefore,

b(S|U, ρi,λ) ≥
λ!

n!

∑
R∈Qλ(i)

∏
x∈[N ]

ν(x)!

|R(x)|!
∑

Qx∈Qν(x)
(R(x))

∏
qx∈Qx

b(S|U, ϕqx)︸ ︷︷ ︸
X

(E.27)

Write X for the right-hand side of the above display. Now note that
∏

x∈[N ] |R(x)|! = λ!,

and
∏

x∈[N ] ν
(x)! = µ!, so we have

X =
µ!

n!

∑
R∈Qλ(i)

∏
x∈[N ]

∑
Qx∈Qν(x)

(R(x))︸ ︷︷ ︸
∏
qx∈Qx

b(S|U, ϕqx). (E.28)

We apply the distributive law to the underbraced pair of product and sum. To describe the
resulting sum of product, let F be the set of functions f with domain [N ] for which there
exists an R ∈ Qλ(i) such that, for all x ∈ [N ], f(x) ∈ Qν(x)(R(x)). For x ∈ [N ], the ordered

partition f(x) is indexed by [len(ν(x))] and the set f(x)(y) is of size ν
(x)
y . Let P be the set
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of pairs (x, y) with x ∈ [N ] and y ∈ [len(ν(x))]. We can now express X as

X =
µ!

n!

∑
f∈F

∏
x∈[N ]

∏
q∈f(x)

b(S|U, ϕq) (E.29)

=
µ!

n!

∑
f∈F

∏
x∈[N ]

∏
y∈[len(ν(x))]

b(S|U, ϕf(x)(y)) (E.30)

=
µ!

n!

∑
f∈F

∏
(x,y)∈P

b(S|U, ϕf(x)(y)). (E.31)

Because µ =
∑

x∈[N ] ν
(x), |P | = len(µ). Let {(xi, yi)}i∈[len(µ)] be an indexing of P such

that i 7→ ν
(xi)
yi is monotonically nonincreasing. By construction, for each f ∈ F , the map

i ∈ [len(µ)] 7→ f(xi)(yi) is a distinct ordered partition in Qµ(i). Conversely, for Q ∈ Qµ(i),
we can define f by f(xi)(yi) = Q(i) to obtain a member of F . It follows that the sum over
F can be replaced with a sum over Qµ(i):

X =
µ!

n!

∑
R∈Qµ(i)

∏
r∈R

b(S|U, ϕr) (E.32)

= b(S|U, ρi,µ). (E.33)

The theorem follows by substituting X for the right-hand side of Eq. (E.27).

Appendix F: More preliminaries

We need the following fact for the proof of Cor. 4.4.

Fact F.1. Suppose λ ⊢ n has a box □ with content r < 0. Then for each t ∈ {r, . . . , 0},
there exists some box bt in λ such that c(bt) = t.

Proof. Suppose the coordinates of □ are (i, j). The boxes with coordinates (i′, j) where
i′ = 1, . . . , i are in [λ], and their contents are r = j − i, . . . , r + i− 1 = j − 1 ≥ 0.

1. Representation theory of the unitary group

We make use of the Gelfand-Tsetlin (GZ) basis of the irreps of the unitary group. See
Ref. 77, Sec. 2.4 for a good review of the GZ basis. See Ref. 76 for applications of the GZ
basis in quantum information theory. See Ref. 72 for a good textbook on the representation
theory of the unitary group. The GZ basis of the irrep Vd

λ is an orthonormal basis enumerated
by semistandard tableaux of shape λ with entries from [d]. If T is a semistandard tableau of
shape λ with entries from [d], we write T ⊨d λ. For a tableau T of shape λ ⊢ k with entries
from [d], the occupation (Eq. 2.6) wt(T ) ∈ ωk[d] such that wt(T )(i) is the number of times

that i appears in T is called its weight. For α ∈ Cd and w ∈ ωn[d] an occupation (Eq. 2.6),
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define the monomial of weight w to be

αw =
∏
i∈[d]

α
w(i)
i . (F.1)

Then define

αT = αwt(T ). (F.2)

The GZ basis {|T ⟩}T⊨dλ
is an orthonormal basis of Vd

λ that obeys

πλ(diag(α)) |T ⟩ = αT |T ⟩ (F.3)

for all T ⊨d λ and for all α ∈ U(1)d, where diag(α) is the diagonal matrix such that
diag(α)ii = αi. Therefore, we can express the character Tr(πλ(diag(α))) as a sum over
weight monomials. This motivates the following definition.

Definition F.2. For a complex vector α ∈ Cd and a partition λ ⊢ n, let sλ(α) be the Schur
polynomial, defined by

sλ(α) =
∑
T⊨dλ

αT . (F.4)

Since for all U,K ∈ U(d), we have Tr
(
πλ(K)πλ(U)πλ(K

†)
)
= Tr(πλ(U)), the character of

πλ is equal to the Schur polynomial of the eigenvalues of U . This observation, in conjunc-
tion with Schur-Weyl duality, can be used to derive a relationship between the power sum
symmetric polynomials, defined below, and the Schur polynomials.

Definition F.3 (Power-sum symmetric polynomials). For a complex vector α ∈ Cd and a
partition λ ⊢ n, the power-sum symmetric polynomial of shape λ is defined to be

pλ(α) =
∏
l∈λ

(
d∑
i=1

αli

)
. (F.5)

For a permutation σ ∈ Sn, we define pσ(α) to be the power-sum symmetric polynomial of
shape given by the cycle type of σ.

The Schur polynomials are a linear combination of the power-sum symmetric polynomials,
with coefficients proportional to the irreducible characters of the symmetric group.

Corollary F.4 ([80] Cor. 7.17.5).

sλ(α) =
1

n!

∑
σ∈Sn

χλ(σ)pσ(α). (F.6)

The Schur polynomials also appear in the definition of a certain distribution that we use
in the proof of Cor. 4.4.
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Definition F.5 (Schur-Weyl distribution ([77], Def. 2.6.2)). Let α ∈ ∆d−1 be a distribution
on d letters, and let n be a positive integer. If d < n, we append α with the appropriate
number of zeros to interpret it as a distribution over [n] instead. The Schur-Weyl distribution
SWn(α) is a probability distribution over partitions λ ⊢ n, where the probability of obtaining
λ is

SWn(α)(λ) = dim(λ)sλ(α). (F.7)

It is shown in Ref. 77, Eq. 2.16 that the Schur-Weyl distribution is in fact a probability
distribution.

Define the rising factorial of a partition λ ⊢ n,

d↑λ =
∏
□∈[λ]

(d+ c(□)). (F.8)

By Fact. F.1, if some box of λ has content less than or equal to −d, there must exist a box
with content equal to −d, and therefore d↑λ = 0. Therefore, the rising factorial is always
nonnegative. Then we have the following formula for the number of semistandard tableaux
of shape λ whose entries are elements of [d] ([77] Def. 2.2.13 and [69] Cor. 7.21.4),

|{T |T ⊨d λ}| =
dim(λ)d↑λ

|λ|!
(F.9)

= dim(Vd
λ), (F.10)

where the latter inequality is because GZ basis is a basis of Vd
λ.

Definition F.6 (Weight space). Let W be a Hilbert space with dim(W ) = d. For w ∈ ωn[d]
(Eq. 2.6), the subspace spanned by {|T ⟩|T ⊨d λ s.t. wt(T ) = w} is called the w-weight space
of Vd

λ. The w-weight space of Sλ(W ) is denoted (Sλ(W ))wt=w.

For w ∈ ωn[d] and W a Hilbert space with dim(W ) = d, the dimension of the w-weight

space (Sλ(W ))wt=w is thus the number of semistandard tableaux of shape λ with weight
equal to w. The weight spaces are simultaneous eigenspaces of all the diagonal unitaries, in
the following sense.

Proposition F.7. Let W be a d-dimensional Hilbert space, let n be a positive integer, let
λ ⊢ n, and let w ∈ ωn[d]. Define J =

{
|v⟩ ∈ Sλ(W )

∣∣πλ(diag(α)) |v⟩ = αw |v⟩ ∀α ∈ U(1)d
}
.

Then (Sλ(W ))wt=w = J .

2. Visible states

The subalgebra ⟨U(HV )× U(HH)⟩ ⊆ End(Symn(HV ⊗HH)) is called the particle-type-
preserving subalgebra. Let dim(HV ) = m, dim(HH) = L, and let K = min(m,L). The
n-particle Hilbert space Symn(HV ⊗ HH) when restricted to the particle-type-preserving
subalgebra has the decomposition
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Theorem F.8.

Res
U(HV ⊗HH)
U(HV )×U(HH)(Sym

n(HV ⊗HH)) ∼=
⊕

λ∈Partn,K

Sλ(HV )⊗ Sλ(HH). (F.11)

A proof of this fact appears as [72], Thm. 5.6.7. It also appears as [70], Exercise 6.11
(b), and in [81]. Eq. F.11 is called Cauchy’s formula in [74]. We denote the subspace of

Res
U(HV ⊗HH)
U(HV )×U(HH)(Sym

n(HV ⊗HH)) that is isomorphic to Sλ(HV ) ⊗ Sλ(HH) by Hλ. Let Πλ

be the projection onto the subspace Hλ. Then for an operator M ∈ End(Symn(HV ⊗HH))
we can restrict the domain and image of the map ΠλMΠλ to Hλ.

Definition F.9. LetM ∈ End(Symn(HV⊗HH)). DefineM(λ) : Hλ → Hλ, given byM(λ)v =
ΠλMv. We also define the projection of M to the particle-type-preserving subalgebra by

MPTP =
∑

λ∈Partn,K

ΠλMΠλ =
⊕

λ∈Partn,K

M(λ). (F.12)

For any M ∈ End(Symn(HV ⊗HH)), M
PTP ∈ ⟨U(HV )× U(HH)⟩. Furthermore, for any

M0 ∈ ⟨U(HV )× U(HH)⟩,MPTP
0 =M0. In our applications, we are interested in the scenario

where we perform a linear optical on the visible DOF, then measure in the number basis,
not resolving the hidden DOF. Therefore, it is useful to have a notion of partial trace over
the hidden DOF, thus motivating the following definition.

Definition F.10 (Visible part of an operator). Let M ∈ End(Symn(HV ⊗ HH)). Let
K = min(dim(HV ), dim(HH)). We write TrH(M(λ)) as shorthand for TrSλ(HH)(M(λ)). We
now define the visible part of M by

TrH(M) =
⊕

λ∈Partn,K

TrH(M(λ)) ∈
⊕

λ∈Partn,K

End(Sλ(HV )). (F.13)

When M = ρ is a state, the state TrH(ρ) is called the visible state of ρ.

In Eq. 3.5, we defined the set of perfectly indistinguishable states with single-particle
hidden state |ψ⟩. Not all states behaving bosonically are of this form. The set of states
behaving bosonically is the set of perfectly distinguishable states as defined next.

Definition F.11 (Perfectly indistinguishable state). If ρ ∈ D(Symn(HV ⊗HH)) is a state
such that its visible state TrH(ρ) (Def. F.13) is supported only on the irrep S(n)(HV ), it is
called a perfectly indistinguishable state.

This definition accords with the definitions given in Refs. 9, 10, 43, 82.

Appendix G: Derivation of generalized bunching probability in terms of visible states

Proposition G.1. Let W be a d-dimensional Hilbert space, and w ∈ ωn[d] be a weight.

Suppose N ∈
⊕

λ∈Partn,d
B+(Sλ(W )) satisfies

Tr(diag(α) ·N) = αw Tr(N) (G.1)
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for all α ∈ U(1)d. Then supp(N) ⊆
⊕

λ∈Partn,d
(Sλ(W ))wt=w.

Proof. Express N in the GZ basis according to

N =
∑

λ∈Partn,d

T⊨dλ

∑
µ∈Partn,d

T ′⊨dµ

NT,T ′ |T ⟩⟨T ′|. (G.2)

Calculate that

Tr(diag(α) ·N) =
∑

λ∈Partn,d

T⊨dλ

NT,Tα
T . (G.3)

Therefore, writing
∫
dα for the integral over the Haar measure of U(1)d,∑

λ∈Partn,d

T⊨dλ

NT,Tα
T = αw Tr(N) (G.4)

=⇒
∫
dα

∑
λ∈Partn,d

T⊨dλ

NT,Tα
T (αw)∗ = Tr(N) (G.5)

⇐⇒
∑

λ∈Partn,d

T⊨dλ|wt(T )=w

NT,T = Tr(N). (G.6)

Therefore, since N is positive semidefinite, N must annihilate any GZ basis element |T ⟩ for
which wt(T ) ̸= w.

Lemma G.2. Let i ∈ [m]n. Let M ∈ B+(Sym
n(HV ⊗HH)) be a positive-semidefinite matrix

of the form ∑
j,j′∈[L]n

Mj,j′a
†(i, j)|0⟩⟨0|a(i, j ′). (G.7)

Then for all λ ⊢ n such that len(λ) ≤ K = min(m,L),

supp(TrH(Mλ)) ⊆ (Sλ(HV ))wt=ξ(i), (G.8)

where TrH(Mλ) is defined in Eq. F.13, and ξ is defined in Eq. A.1.

Proof. We apply Prop. G.1. Let α ∈ U(1)m. Recall the definition of ξ from Eq. A.1. Then
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by the definition of partial trace,

Tr
(
(diag(α)) · TrH(M(λ))

)
=

∑
λ∈Partn,K

Tr
(
πλ(diag(α)) TrH(M(λ))

)
(G.9)

=
∑

λ∈Partn,K

Tr
(
πλ(diag(α))⊗ 1Sλ(HH)M(λ)

)
(G.10)

=
∑

λ∈Partn,K

Tr
(
ΠλSymn(diag(α)⊗ 1HH

)ΠλM
)

(G.11)

= Tr
(
Symn(diag(α)⊗ 1HH

)PTPM
)

(G.12)

Now Symn(diag(α)⊗1HH
) ∈ ⟨U(HV )× U(HH)⟩ so Symn(diag(α)⊗1HH

)PTP = Symn(diag(α)⊗
1HH

). Therefore,

Tr
(
(diag(α)) · TrH(M(λ))

)
= Tr((diag(α)⊗ 1HH

) ·M) (G.13)

= αξ(i) Tr(M). (G.14)

Therefore, by Prop. G.1, supp(TrH(M)) ⊆
⊕

λ∈Partn,K
(Sλ(HV ))wt=w.

Now, because TrH(M)|Sλ(HV ) = TrH(M(λ)), we have

supp(TrH(M(λ))) = supp(TrH(M)|Sλ(HV )) ⊆ (Sλ(HV ))wt=w. (G.15)

Therefore, the lemma is proved.

For an irrep Sλ(H), we write Πλ
g for the projection onto the g-weight space of Sλ(H).

Lemma G.3. Let v ∈ ωn[m] be an occupation (Eq. 2.6). Let Nv be as defined in Eq. 3.1.
Assume m ≥ n and L ≥ n. Then∑

g∈Nv

|g⟩⟨g| =
⊕
λ⊢n

Πλ
v ⊗ 1Sλ(HH), (G.16)

with |g⟩ a state of definite occupation as defined in Eq. 2.5.

Proof. Define Πv =
∑

g∈Nv
|g⟩⟨g|. We first show that Πv is invariant under the adjoint

action of hidden unitaries. Let zip(i, j) = ((i1, j1), . . . , (in, jn)). Recall the definition of ξ
from Eq. A.1 and ζ from Eq. A.3. We calculate∑

g∈Nv

|g⟩⟨g| =
∑
l∈ωn

[L]

1

ξ(zip(ζ(v), ζ(l)))!
a†(ζ(v), ζ(l))|0⟩⟨0|a(ζ(v), ζ(l)) (G.17)

=
∑

j∈[L]n

ξ(zip(ζ(v), j))!

g!

1

ξ(zip(ζ(v), j))!
a†(ζ(v), j)|0⟩⟨0|a(ζ(v), j) (G.18)

=
1

v!

∑
j∈[L]n

a†(ζ(v), j)|0⟩⟨0|a(ζ(v), j) (G.19)
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Let U(k|j) =
∏n

x=1 Ukx,jx . Then,

(1HV
⊗ U) · Πv · (1HV

⊗ U)† =
1

v!

∑
j∈[L]n

a†(ζ(v), U · j)|0⟩⟨0|a(ζ(v), U · j) (G.20)

=
1

v!

∑
j,k,k′∈[L]n

U(k|j)U∗(k′|j)a†(ζ(v),k)|0⟩⟨0|a(ζ(v),k′)

(G.21)

=
1

v!

∑
k,k′∈[L]n

δk,k′a†(ζ(v),k)|0⟩⟨0|a(ζ(v),k′) (G.22)

=
1

v!

∑
k∈[L]n

a†(ζ(v),k)|0⟩⟨0|a(ζ(v),k) (G.23)

= Πv (G.24)

Therefore, by Schur’s lemma,

Πv =
⊕
λ⊢n

Ξλv ⊗ 1Sλ(HH) (G.25)

for some projectors Ξλv acting on Sλ(HV ). By Lem. G.2, supp(Ξλv) ⊂ (Sλ(HV ))wt=v.

We use dimension counting to show the reverse inclusion. It is clear that Tr(Πv) = |Nv|.
Elements of Nv are in bijection with matrices of nonnegative integers such that the ith row
sums to v(i). By the Robinson-Schensted-Knuth correspondence ([69] Thm. 7.11.5), the set
of such matrices is in bijection with pairs (P,Q) of semistandard tableaux with n boxes such
that the shape of P is equal to the shape of Q, and the weight of P is equal to v. Let Y λ

v

be the number of semistandard tableaux of shape λ with weight v. Then we have

Tr(Πv) =
∑
λ⊢n

Y λ
v

∑
l∈ωn

[L]

Y λ
l (G.26)

=
∑
λ⊢n

dim((Sλ(HV ))wt=v)
∑
l∈ωn

[L]

dim((Sλ(HV ))wt=l) (G.27)

=
∑
λ⊢n

dim((Sλ(HV ))wt=v)dim(Sλ(HV )). (G.28)

Therefore, the support of Πv must be the whole of
⊕

λ⊢n((Sλ(HV ))wt=v) ⊗ (Sλ(HV )), and
therefore Ξλv in fact is equal to Πλ

v .

Lemma G.4. Let ρ ∈ D(Symn(HV ⊗ HH)). Assume n ≤ m,n ≤ L. Then the probability
of observing an occupation of v ∈ ωn[m] after evolving by U ∈ U(HV ) (Eq. 3.2) is given by

p(v|U, ρ) =
∑
λ⊢n

Tr
(
πλ(U) TrH(ρ(λ))πλ(U)

†Πλ
v

)
, (G.29)

where ρ(λ) is defined in Def. F.9.



44

Proof. The probability of observing outcome v is given by

p(v|U, ρ) =
∑
g∈Nv

Tr
(
(U ⊗ 1) · ρ · (U † ⊗ 1)|g⟩⟨g|

)
(G.30)

= Tr

(
(U ⊗ 1) · ρ · (U † ⊗ 1)

⊕
λ⊢n

Πλ
v ⊗ 1Sλ(HH)

)
(G.31)

by Lem. G.3. Then,

p(v|U, ρ) =
∑
λ⊢n

Tr
(
πλ(U)⊗ 1Sλ(HH) ρ πλ(U

†)⊗ 1Sλ(HH)Π
λ
v ⊗ 1Sλ(HH)

)
(G.32)

=
∑
λ⊢n

Tr
(
πλ(U) TrH(ρ(λ))πλ(U)

†Πλ
v

)
. (G.33)

Define Πλ
S =

∑
v∈ωn

[m]
(S) Π

λ
v , Π

λ
S is the orthogonal projector onto the subspace of Sλ(HV )

whose weights are nonzero only on S. An immediate consequence of the previous lemma is

Corollary G.5. Let ρ ∈ D(Symn(HV ⊗ HH)). Assume that n ≤ m,n ≤ L. Then the
probability that all n particles arrive in the subset S after applying the linear optical U ∈
U(HV ) is

b(S|U, ρ) =
∑
λ⊢n

Tr
(
πλ(U) TrH(ρ(λ))(πλ(U))

†Πλ
S

)
. (G.34)

Appendix H: Derivation of the visible state for permutation-invariant states

In this section we calculate the visible state of permutation-invariant states. Our analysis
makes use of the decomposition of the irreps of the unitary group into irreps of the symmetric
group, under restriction to the permutation matrices. In general this problem is involved [83–
85], but for singly occupied states the decomposition is relatively simple.

Recall the definition of ξ from Eq. A.1.

Lemma H.1. Let i be a list of n distinct indices from [m]. Then for all λ ⊢ n, the subspace
Sλ(HV )wt=ξ(i) ⊂ Sλ(HV ) is closed under the action of Sn(i) ⊂ U(HV ) (Eq. B.36).

Proof. Let |T ⟩ be a GZ basis element for a standard tableau T with entries given by i.
Then,

⟨T |Fi(σ)
† diag(α)Fi(σ) |T ⟩ = ⟨T | diag(σ · α) |T ⟩ (H.1)

= (σ · α)T (H.2)

= αT , (H.3)

where the last equality is because each nonzero weight in T is equal to 1. Therefore, Fi(σ) |T ⟩
is a weight vector with weight given by that of |T ⟩.
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Lemma H.1 implies that Sλ(HV )wt=ξ(i) is a representation of Sn under the action obtained
from restricting the action of U(HV ) to Sn(i).
Lemma H.2 ([74], p. 272). Let i be a list of n distinct indices from [m]. Then for all λ ⊢ n,

Sλ(HV )wt=ξ(i)
∼= Spλ (H.4)

as an Sn-representation.
Proof. We can introduce any HH of our choice, so let dim(HH) ≥ n. Without loss of
generality, assume that i = (1, . . . , n). By Cor. B.7, Ki (Eq. 3.4) is isomorphic to

⊕
λ⊢n Spλ⊗

Sλ(HH) under the action of Sn × U(HH). Define (Ki)λ to be the subspace of Ki that is
isomorphic to the irrep Spλ⊗Sλ(HH). Define Π(Ki)λ : Symn(HV ⊗HH) → Symn(HV ⊗HH)
to be the orthogonal projection onto (Ki)λ. Observe that Π(Ki)λ is an element of the particle-
type-preserving subalgebra ⟨U(HV )× U(HH)⟩.

Let

Rλ =
1

dim(Vd
λ)

TrH(Π(Ki)λ). (H.5)

The partial trace operation is an Sn-intertwiner, so since Π(Ki)λ commutes with σ for all
σ ∈ Sn, Rλ does as well. Therefore, Rλ is the direct sum of operators that are proportional
to projectors onto irreps of Sn. Since Π(Ki)λ has support only on the λ isotype of Sn, this
means that Rλ must only be supported on the λ-irrep. Therefore, Rλ is proportional to a
projector onto the λ-irrep of Sn.

By Lem. G.2, we have

supp(Rλ) ⊆ (Sλ(HV ))wt=ξ(i). (H.6)

Since the sites i are distinct, any semistandard tableau with weight ξ(i) has distinct entries.
Therefore, it must be a standard tableau, and all standard tableaux are semistandard, so
dim((Sλ(HV ))wt=ξ(i)) = dim(λ) = dim(Spλ). We conclude that

(Sλ(HV ))wt=ξ(i)
∼= Spλ. (H.7)

Lemma H.3. Let ρ ∈ Symn(HV ⊗HH) be a permutation-invariant state that singly occupies
the n distinct sites i ∈ [m]n (Def. 3.3). Then with TrH(ρ) as defined in Eq. F.13,

TrH(ρ) =
⊕

λ∈Partn,L

qλ
1(Sλ(HV ))wt=ξ(i)

dim(λ)
, (H.8)

where {qλ}λ∈Partn,L
is a probability distribution over partitions of n.

Proof. By Lem. G.2, supp(TrH(ρ)) ⊆
⊕

λ∈Partn,L
(Sλ(HV ))wt=ξ(i). Since ρ is invariant un-

der the visible permutation matrices that act nontrivially only on i and by Lem. H.2
(Sλ(HV ))wt=ξ(i)

∼= Spλ, we can apply Cor. A.4 to conclude that

TrH(ρ) =
⊕

λ∈Partn,L

qλ
1(Sλ(HV ))wt=ξ(i)

dim(λ)
. (H.9)
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Since TrH(ρ) is a density matrix, the qλ must form a probability distribution.

Lemma H.4. Let α be a probability distribution on [L], and let i be a list of n distinct
indices from [m]. Let α(j) = αj1 · · ·αjn, and

ρ(α) =
∑

j∈[L]n
α(j)a†(i, j)|0⟩⟨0|a(i, j). (H.10)

Then, with the definition of the Schur polynomial sλ(α) from Def. F.2,

TrH(ρ(α)) =
⊕
λ⊢n

dim(λ)sλ(α)
1(Sλ(HV ))wt=ξ(i)

dim(λ)
, (H.11)

where if len(λ) > L, then αk is defined to be zero for k > L.

Proof. By possibly extending α by the appropriate number of zeros, we can assume with-
out loss of generality that L ≥ n. For brevity, we write ρ = ρ(α) for this proof. Be-
cause α(j) is invariant under permutation of j, we apply Lem. H.3, to obtain TrH(ρ) =⊕

λ⊢n qλ
1(Sλ(HV ))wt=ξ(i)

dim(λ)
for some probability distribution qλ. It therefore suffices to calculate

this distribution.

We write δ(k, l) = δk,l to make the arguments easier to read. Recall the definition of Fi

from Def. 3.2. Then

Tr((Fi(σ)⊗ 1HH
) · ρ) = Tr

(
(Fi(σ)⊗ 1HH

) ·
∑
j

α(j)a†(i, j)|0⟩⟨0|a(i, j)

)
(H.12)

=
∑
j

α(j) Tr
(
a†(i, σ · j)|0⟩⟨0|a(i, j)

)
(H.13)

=
∑
j

α(j)δ(j, σ · j), (H.14)

by Prop. B.5. Let {c1, . . . , ct} be the cycle decomposition of σ. Then the δ factor in the
above expression is nonzero if and only if for all a ∈ [t], for all x, y ∈ ca, jx = jy. That is,
the cycle decomposition of σ “matches” the equality pattern of j. Recalling Def. F.3,

Tr((Fi(σ)⊗ 1HH
) · ρ) =

∑
j

α(j)δ(j, σ · j) =
∑
j1,...,jt

α
|c1|
j1

· · ·α|ct|
jt

= pσ(α). (H.15)

On the other hand, by Lem. H.3 applied to ρ, we have

Tr((Fi(σ)⊗ 1HH
) · ρ) = Tr(Fi(σ) TrH(ρ)) (H.16)

= Tr

(⊕
µ⊢n

qµπµ(Fi(σ))
1(Sµ(HV ))wt=ξ(i)

dim(µ)

)
(H.17)

(H.18)
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By Lemma H.2, Tr(πµ(Fi(σ))) = χµ(σ). Therefore,

Tr((Fi(σ)⊗ 1HH
)ρ) =

∑
µ⊢n

qµ
χµ(σ)

dim(µ)
. (H.19)

Therefore, by Eq. H.15,

pσ(α) =
∑
µ⊢n

qµ
χµ(σ)

dim(µ)
. (H.20)

By Lem. A.5,

1

n!

∑
σ

pσ(α)χλ(σ)
∗ =

1

n!

∑
σ

∑
µ⊢n

χλ(σ)
∗χµ(σ)

qµ
dim(µ)

(H.21)

⇐⇒ 1

n!

∑
σ

pσ(α)χλ(σ) =
qλ

dim(λ)
, (H.22)

where we have used χλ(σ) = χλ(σ)
∗ ([68] § 7.3, Cor. 4). Recalling Def. F.2, and Eq. F.6,

we recognize the left-hand side as a Schur polynomial, so

sλ(α) =
qλ

dim(λ)
, (H.23)

and therefore qλ = sλ(α)dim(λ), and we have proven the lemma.

Next we show that a perfectly indistinguishable state with single-particle wavefunction
ψ ∈ HH as defined in Eq. 3.5 is in fact perfectly indistinguishable, as defined in Def. F.11.

Proposition H.5. Let i be a list of n distinct indices from [m], let ψ ∈ HH , and let ϕi,ψ be
as defined in Eq. 3.5. Then ϕi,ψ is perfectly indistinguishable.

Proof. We calculate that the auxiliary state (Def. B.2) is

h(ϕi,ψ) = |ψ⟩⟨ψ|⊗n. (H.24)

Therefore, for all σ ∈ Sn, P (σ)h(ϕi,ψ) = h(ϕi,ψ)P (σ)
−1 = h(ϕi,ψ). Therefore, h(ϕi,ψ) is

supported only on Sp(n) ⊗ S(n)(HH). So, by Lem. B.6, ϕi,ψ is supported only on S(n)(HV )⊗
S(n)(HH), so ϕi,ψ is perfectly indistinguishable.

Appendix I: Schur convexity of mean generalized bunching probability

In this section we prove Thm. I.10, and its corollaries Cor. 4.4, Cor. 4.5. Define ∆(Partn)
be the set of probability distributions over partitions of n. We have the following distribution
over partitions, which is defined naturally for any n-particle state.

Definition I.1. Let ρ ∈ D(Symn(HV ⊗HH)) be a state. Recall the definition of ρ(λ) from
Def. F.9. We define the irrep distribution of ρ, written Dρ ∈ ∆(Partn), to be the distribution
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over partitions of n, given by

Dρ(λ) = Tr
(
ρ(λ)
)
. (I.1)

Lemma I.2. Let n ≤ m = dim(HV ) and n ≤ L = dim(HH). Let ρ ∈ D(Symn(HV ⊗HH)),
and let S ⊆ [m] be a subset of size k. Then

EU∼Haar(U(HV ))(b(S|U, ρ)) = Eλ∼Dρ

(
k↑λ

m↑λ

)
. (I.2)

Proof. By Cor. G.5, the probability that all n particles arrive in the subset S after applying
the linear optical U ∈ U(HV ) is

b(S|U, ρ) =
∑
λ⊢n

Tr
(
πλ(U) TrH(ρ(λ))(πλ(U))

†Πλ
S

)
, (I.3)

where Πλ
S the orthogonal projector onto the subspace of Sλ(HV ) whose weights are nonzero

only on S. The Haar average of the bunching probability is obtained by integrating this
equation over unitaries according to

EU∼Haar(U(HV ))(b(S|U, ρ)) =
∑
λ⊢n

∫
dU Tr

(
πλ(U) TrH(ρ(λ))(πλ(U))

†Πλ
S

)
(I.4)

=
∑
λ⊢n

Tr

TrH(ρ(λ))

∫
dU(πλ(U))

†Πλ
Sπλ(U)︸ ︷︷ ︸

 (I.5)

where
∫
dU denotes integration over the Haar measure over unitaries on the visible Hilbert

space. Let Πλ be the orthogonal projector onto Sλ(HV ) in
⊕

µ⊢n Sµ(HV ). We calculate that
the underbraced expression is∫

dU(πλ(U))
†Πλ

Sπλ(U) =
Tr
(
Πλ
S

)
dim(Vm

λ )
Πλ (I.6)

by Schur’s lemma. The subspace of Sλ(HV ) with weights nonzero only on S has dimension
equal to the number of semistandard tableaux of shape λ with entries from [|S|] = [k].
Therefore, since Πλ

S is the orthogonal projector onto this subspace, Tr
(
Πλ
S

)
= dim(Vk

λ).
Now we return to Eq. I.5,

EU∼Haar(U(HV ))(b(S|U, ρ)) =
dim(Vk

λ)

dim(Vm
λ )

∑
λ⊢n

Tr
(
TrH(ρ(λ))Π

λ
)

(I.7)

(I.8)

Now observe that

Tr
(
TrH(ρ(λ))Π

λ
)
= Tr

(
TrH(ρ(λ))

)
= Tr

(
ρ(λ)
)
= Dρ(λ). (I.9)
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Therefore,

EU∼Haar(U(HV ))(b(S|U, ρ)) =
∑
λ⊢n

Dρ(λ)
dim(Vk

λ)

dim(Vm
λ )

(I.10)

=
∑
λ⊢n

Dρ(λ)
k↑λ

m↑λ (I.11)

= Eλ∼Dρ

(
k↑λ

m↑λ

)
, (I.12)

where the penultimate equality follows by Eq. F.10.

In Lem. I.4, we show that f : Partn → R, f(λ) = k↑λ

m↑λ is monotonic with respect to
the majorization partial order on partitions, which we define next. This definition is an
extension of Def. 4.3 to partitions.

Definition I.3 (Majorization for partitions). For λ, µ ⊢ n, we say that λ majorizes µ,
written λ ≻ µ, if for all k ∈ [n],

k∑
i=1

λi ≥
k∑
i=1

µi. (I.13)

Lemma I.4. Let n, k ∈ [m]. Define f : Partn → R by f(κ) = k↑κ

m↑κ . Then f is well-defined
and f ≥ 0 with equality exactly when κ has a box with content equal to −k. Furthermore, if
µ, λ ⊢ n such that µ ̸= λ and f(µ) ̸= 0, then

µ ≻ λ =⇒ f(µ) > f(λ). (I.14)

If f(µ) = 0, then µ ≻ λ =⇒ f(µ) = f(λ) = 0.

Proof. With the definition of content from Def. A.2, we can write

f(κ) =
k↑κ

m↑κ =
∏
□∈[κ]

k + c(□)

m+ c(□)
. (I.15)

Observe that since n ≤ m, we have ∀□ ∈ [κ], c(□) > −m, so we are never dividing by 0,
and therefore f is well-defined. Since the rising factorial is always nonnegative, f ≥ 0.

If µ ≻ λ, then it is possible to obtain λ from µ through a sequence of steps, where in
each step a box is moved from the end of a longer row to the end of a shorter one. Such a
step is called a robin-hood transfer [86]. Therefore, it suffices to prove the statements of the
lemma when λ is obtained from µ by a robin-hood transfer. The content of a box moved in
a robin-hood transfer must decrease, because its column index must decrease, and its row
index must increase.
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Suppose that f(µ) = 0. Then

0 =
∏
□∈[µ]

k + c(□)

m+ c(□)
(I.16)

=⇒ 0 =
∏
□∈[µ]

(k + c(□)) (I.17)

and therefore there exists some box □ ∈ [µ] such that c(□) = −k. Since the content of the
box being moved must decrease, by Fact F.1, there must be a box of λ with content equal
to −k, and we can conclude that f(µ) = 0 =⇒ f(λ) = 0.

Next, suppose that f(µ) > 0. If f(λ) = 0, we are done. So assume f(λ) ̸= 0. Define
g(x) = k+x

m+x
, so f(κ) =

∏
□∈[κ] g(c(□)). Then because f(λ) ̸= 0, the content of every box in

λ must be larger than −k, and therefore g(c(□)) > 0 for all □ ∈ [λ]. Suppose the box being
moved has content cµ in µ and cλ in λ, so that cλ < cµ because µ ̸= λ. Then calculate that

f(λ)

f(µ)
=
g(cλ)

g(cµ)
(I.18)

The above is positive and less than 1, since g is positive and monotonically increasing on
(−k,m):

g′(x) =
(m+ x)− (k + x)

(m+ x)2
(I.19)

=
m− k

(m+ x)2
> 0. (I.20)

Therefore, we have proved the claim Eq. I.14.

We need the next two definitions to state Thm. I.10.

Definition I.5 (Coupling). A coupling of two probability distributions α ∈ ∆N−1, β ∈
∆M−1 is a joint distribution γ ∈ ∆MN−1 such that the marginals are α and β. That is,∑

x γ(x, y) = β(y) and
∑

y γ(x, y) = α(x). If X ∼ α, Y ∼ β, and (X, Y ) ∼ γ, we also say

that (X, Y ) is a coupling of X and Y .

Definition I.6 (Sure Majorization). Let p, q ∈ ∆(Partn) be distributions over the set of
partitions of n. If (µ,λ) (Def. I.5) is a coupling of µ ∼ p and λ ∼ q for which µ ≻ λ
(Def. I.3) with probability 1, we say that λ is majorized by µ surely in this coupling. When
such a coupling exists, we write p⋗ q. Let ρ, τ ∈ D(Symn(HV ⊗HH)). If Dρ⋗Dτ (Def. I.1),
then we also write ρ⋗ τ .

The next three propositions (Prop. I.7, Prop. I.8, Prop I.9) give basic properties about
this relation.

Proposition I.7. The relation ⋗ is a partial order on ∆(Partn), the set of distributions
over partitions of n.

Proof. First we show reflexivity. Let p ∈ ∆(Partn). Then we have the following coupling
of p with itself,

q(λ, λ′) = δλ,λ′p(λ). (I.21)
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This is indeed a coupling of p with itself, since
∑

λ⊢n q(λ, λ
′) =

∑
λ⊢n δλ,λ′p(λ) = p(λ′), and

similarly in its other argument. Furthermore, for any sample from this distribution, we have
λ = λ′, so in particular λ ≻ λ′.

We now show that ⋗ is transitive. Let p0, p1, p2 ∈ ∆(Partn) be such that p0 ⋗ p1 and
p1 ⋗ p2. Let (λ0,λ1) ∼ q0,1 be a coupling of λ0 ∼ p0 and λ1 ∼ p1 such that λ0 ≻ λ1 with
probability 1, and define q1,2 similarly. Then define the function

q0,1,2(λ0, λ1, λ2) =

{
q0,1(λ0,λ1)q1,2(λ1,λ2)

p1(λ1)
if p1(λ1) ̸= 0

0 otherwise
(I.22)

Since
∑

λ0⊢n q0,1,2(λ0, λ1, λ2) = q1,2(λ1, λ2) and
∑

λ2⊢n q0,1,2(λ0, λ1, λ2) = q0,1(λ0, λ1), q0,1,2 is a
joint distribution such that its marginals are p0, p1 and p2. Therefore, q0,2 :=

∑
λ1⊢n q0,1,2(λ0, λ1, λ2)

is a coupling of p0 and p2. It remains to show that (λ0,λ2) ∼ q0,2 obeys λ0 ≻ λ2 with
probability 1. Observe that q0,1,2(λ0, λ2|λ1) = q0,1(λ0|λ1)q1,2(λ2|λ1), so λ0 → λ1 → λ2 is
a Markov chain. We now state the intuition for the calculation that follows. Conditional
on a sample λ0, it must be that λ1 ≺ λ0, and conditional on λ1, it must be that λ2 ≺ λ1,
and since majorization is transitive, we can conclude that λ0 ≻ λ2. Formally, suppose that
(λ0, λ2) is in the support of q0,2. Then

q0,2(λ0, λ2) = p0(λ0)
∑
λ1⊢n

q1,2(λ2|λ1)q0,1(λ1|λ0) ̸= 0 (I.23)

=⇒ ∃λ1 s.t. (q1,2(λ2|λ1) ̸= 0 and q0,1(λ1|λ0) ̸= 0) (I.24)

=⇒ ∃λ1 s.t. (λ2 ≺ λ1 and λ1 ≺ λ0) (I.25)

=⇒ λ2 ≺ λ0. (I.26)

Therefore ⋗ is transitive.
Finally, we show antisymmetry. Suppose p0, p1 ∈ ∆(Partn) such that p0⋗ p1 and p1⋗ p0.

By Strassen’s theorem [87] Thm. 4.2.11, p0(A) = p1(A) on every upward closed A. By the
Möbius inversion formula [88] Prop. 3.7.1, this implies that p0(λ) = p1(λ) for all λ ⊢ n.

Proposition I.8. The distribution k(n) ∈ ∆(Partn) on partitions of n, given by k(n)(λ) =
δλ,(n) is a greatest element of ⋗, and k(1

n) ∈ ∆(Partn), given by k(1
n)(λ) = δλ,(1n) is a least

element.

Proof. Let p ∈ ∆(Partn). Then the coupling q(n)(λ, µ) = k(n)(λ)p(µ) is supported only on
the set λ ≻ µ. Similarly, the coupling q(1

n)(λ, µ) = k(1
n)(λ)p(µ) is supported only on the set

λ ≺ µ.

Proposition I.9. The relation ⋗ is a preorder on D(Symn(HV ⊗HH)).

Proof. This follows by reflexivity and transitivity of ⋗ on ∆(Partn).

Theorem I.10. Let ρ, τ ∈ D(Symn(HV ⊗ HH)) such that ρ ⋗ τ (Def. I.6). Let S ⊆ [m].
Then

EU∼Haar(U(HV ))(b(S|U, ρ)) ≥ EU∼Haar(U(HV ))(b(S|U, τ)). (I.27)
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Proof. By definition, we obtain a coupling (µ,λ) of µ ∼ Dρ and λ ∼ Dτ such that µ ≻ λ
with probability 1. Therefore by Lem. I.4,

E(µ,λ)(f(µ)− f(λ)) ≥ 0 (I.28)

⇐⇒ Eµ∼Dρ(f(µ)) ≥ Eλ∼Dτ (f(λ)) (I.29)

⇐⇒ EU∼Haar(U(HV ))(b(S|U, ρ)) ≥ EU∼Haar(U(HV ))(b(S|U, τ)), (I.30)

where the last equivalence is due to Lem. I.2.

We now restate and prove the following corollary. Recall the definition of the perfectly
indistinguishable state Eq. 3.5.

Corollary 4.1. Let i be a list of n distinct sites from [m], and let ϕi be the perfectly
indistinguishable state defined in Eq. 3.5. Let k ∈ [m], and let ρ ∈ D(Symn(HV ⊗HH)) be
any n-particle state. Then,

w(k|ϕi) ≥ w(k|ρ). (4.2)

Proof. Apply Thm. I.10, Prop. H.5, and Prop. I.8.

We now turn to proving Cor. 4.4, for which we need the following lemma.

Lemma I.11. Let n ≤ m = dim(HV ) and n ≤ L = dim(HH). Let α ∈ ∆L−1 be a
distribution, and let ρ(α) be a uniform state (Eq. 4.3). Then Dρ(α) = SWn(α).

Proof. Immediate from Lem. H.4.

Thm. 1.5.4 of [77], which we state next, provides a connection between the Schur-Weyl
distribution SWn(α) and sure majorization (Def. I.6).

Theorem I.12 (Thm. 1.5.4 of [77]). Let α, β ∈ ∆d−1 with β ≻ α. Let µ ∼ SWn(β),λ ∼
SWn(α). Then for every n ∈ N, there is a coupling (µ,λ) of SWn(α) and SWn(β) such that
µ ≻ λ with probability 1.

By Lem. I.11, this implies that if α, α′ ∈ ∆L−1 are such that α ≻ α′, then ρ(α) ⋗ ρ(α′).
We now restate and prove Cor. 4.4.

Corollary 4.4. Let n ≤ m = dim(HV ) and n ≤ L = dim(HH). Let k ≤ m. Let α, α′ ∈
∆L−1 be such that α ≻ α′. Then

w(k|ρ(α)) ≥ w(k|ρ(α′)). (4.5)

Proof. By Thm. I.12, we obtain a coupling (µ,λ) of µ ∼ SWn(α) and λ ∼ SWn(α′)
for which µ ≻ λ with probability 1. The corollary follows by Lem. I.2, Lem. I.11, and
Thm. I.10.

We now turn to proving Cor. 4.5, for which we need the next two lemmas.

Lemma I.13. Let α0 ∈ ∆L−1 be a distribution such that no element occurs with probability
1, and let α∞ = (1, 0, . . . , 0) ∈ ∆L−1. Let S ⊆ [m]. Then

EU∼Haar(U(HV ))(b(S|U, ρ(α∞))) > EU∼Haar(U(HV ))(b(S|U, ρ(α0))). (I.31)
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Proof. We use f as defined in Lem. I.4. Observe that SWn(α∞)(λ) = δλ,(n). On the other
hand, SWn(α) must have support off of (n). If λ is a partition of n such that λ ̸= (n), then
(n) ≻ λ, so by Lem. I.4, f(λ) < f((n)). Therefore, by Lem. I.11 and Lem. I.2, we conclude
the inequality Eq. I.31.

Lemma I.14. Let 0 = ϵ0 ≤ · · · ≤ ϵd. For β ≥ 0, define

(αβ)i =
e−βϵi∑
j e

−βϵj
. (I.32)

Then,

β ≥ β′ =⇒ αβ ≻ αβ′ . (I.33)

Proof. Let k ∈ {0, . . . , d}. We want to show that

fk =
k∑
i=0

(αβ)i =

∑k
i=0 e

−βϵi∑d
j=0 e

−βϵj
(I.34)

is monotonically nondecreasing in β. A sufficient condition is that the derivative of log(fk)
with respect to β is nonnegative. Define the partition function (in the statistical mechanical

sense, not the number theory sense) Zj =
∑j

i=0 e
−βϵi so that log fk = logZk − logZd. Then

Zk is a partition function of a system Sk with energy levels {ϵi}ki=1, and Zd is a partition

function of a system Sd with energy levels {ϵi}di=1, which contains Sk as a subsystem. Then

∂

∂β
log fk =

∂

∂β
logZk −

∂

∂β
logZd (I.35)

= −⟨E⟩Sk
+ ⟨E⟩Sd

, (I.36)

where ⟨E⟩S is the expected energy of the system S at inverse temperature β. Since Sd is
just Sk with some additional higher energy levels, and they are at the same temperature, it
must have higher expected energy. Therefore, we should expect that Eq. I.36 is nonnegative.
Formally, we calculate

−⟨E⟩Sk
+ ⟨E⟩Sd

=

∑k
i=0(−ϵi)e−βϵi

(
∑k

i=0 e
−βϵi)

−
∑d

j=0(−ϵj)e−βϵj

(
∑d

j=0 e
−βϵj)

(I.37)

=
(
∑d

j=0 e
−βϵj)

∑k
i=0(−ϵi)e−βϵi − (

∑k
i=0 e

−βϵi)
∑d

j=0(−ϵj)e−βϵj

(
∑k

i=0 e
−βϵi)(

∑d
j=0 e

−βϵj)
(I.38)

This is nonnegative exactly when its numerator is, so we calculate that the numerator of
the right-hand side of Eq. I.38 is

d∑
j=0

k∑
i=0

(−ϵi + ϵj)e
−β(ϵi+ϵj) (I.39)
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Now we change summation variables to a = i+ j and b = (i− j). Define ∆a,b = ϵi− ϵj, and
define τa,b = ϵi+ϵj. Then ∆a,b = −∆a,−b and τa,b = τa,−b. Furthermore, b ≥ 0 =⇒ ∆a,b ≥ 0,
and b ≤ 0 =⇒ ∆a,b ≤ 0. Then, the expression in Eq. I.39 is

d+k∑
a=0

min(k,a)∑
b=max(−d,−a)

step by 2

−∆a,be
−βτa,b =

d+k∑
a=0

−min(k,a)−2∑
b=max(−d,−a)

step by 2

−∆a,be
−βτa,b ≥ 0. (I.40)

Therefore, ∂
∂β
fk ≥ 0, so log fk is nondecreasing, and we have proven the lemma.

We now restate and prove Cor. 4.5.

Corollary 4.5. We take the same hypotheses as in Cor. 4.4. Let 0 = ϵ0 ≤ · · · ≤ ϵL−1 be
chosen so that at least two of the ϵi differ. Let αβ be the Gibbs distribution,

(αβ)k =
e−ϵkβ∑L−1
j=0 e

−ϵjβ
. (4.6)

Then w(k|ρ(αβ)) is strictly monotonically increasing as a function of β.

Proof. Write y(β) = EU∼Haar(U(HV ))(b(S|U, ρ(αβ))) for the mean generalized bunching prob-
ability. It is shown in Lem. I.14 that β ≥ β′ =⇒ αβ ≻ αβ′ . Therefore, by Cor. 4.4, the
mean generalized bunching probability is monotonically nondecreasing as a function of in-
verse temperature β. If not all the energies {ϵi}i are equal, then α0 is equal to a uniform
distribution over more than one letter, and therefore is not equal to a distribution for which
some outcome occurs with probability one. Observe also that limβ→∞(αβ)k = δ1,k. Then
from Lem. I.13, y(0) ̸= limβ→∞ y(β). The mean generalized bunching probability is a poly-
nomial as a function of the αβ, and αβ is analytic in β. Therefore, y(β) cannot be constant
on an open interval. Therefore, y(β) is strictly monotonically increasing as a function of
β.

Appendix J: Completeness of the partially labelled states

In this section we prove that the visible parts of the partially labelled states are a basis
for the visible parts of permutation-invariant states. A consequence of this is that the
distribution over visible occupations for a permutation-invariant state is in the span of the
corresponding distributions for partially labelled states.

We make use of the following inner product on class functions. For G a group, f : G→ C
is called a class function on G if f(ghg−1) = g for all g, h ∈ G.

Definition J.1 ([70], Eq. 2.11). Let G be a finite group, and let ϕ1, ϕ2 be class functions
on G. Then

⟨ϕ1, ϕ2⟩G =
1

|G|
∑
g∈G

ϕ1(g)
∗ϕ2(g) (J.1)

is an inner product on class functions on G.
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We drop the subscript G on the inner product when it is clear which group is being used.
The irreducible characters of G form an orthonormal basis of the class functions of G under
this inner product, see [70] Thm. 2.12. If V,W are representations of G with characters
χV , χW respectively, we overload notation and write ⟨V,W ⟩ to mean ⟨χV , χW ⟩.

Corollary J.2 ([70] Cor. 2.16). Let G be a finite group, let V be a representation of G and
let W be an irrep of G. Then ⟨V,W ⟩ is equal to the multiplicity of W in V .

For λ ⊢ n, it is naturally associated to the weight gλ : [n] → {0, . . . , n} given by gλ(i) = λi,
where we have extended λ by the appropriate number of zeros. We say that a tableau has
weight λ if it has weight gλ. We make use of the following numbers in Prop. J.5.

Definition J.3 (Kostka numbers [70], p. 56). Let µ, λ ⊢ n. The Kostka number Kµ,λ is the
number of semistandard tableaux of shape µ with weight λ.

The Kostka numbers arise as a certain multiplicity in the representation theory of the
symmetric groups.

Lemma J.4 ([68] §7.3 Cor. 1 and [70] Cor. 3.20). Let µ, λ ⊢ n. Let Triv be the trivial
representation of Sµ = Sµ1 × · · · × Sµlen(µ)

. Then the Kostka numbers give the multiplicity

Kλ,µ =
〈
ResSn

Sµ
Spλ,Triv

〉
Sµ

. (J.2)

We are now prepared to prove the main result of this section.

Proposition J.5. Let L = dim(HH) ≥ n. Let ρi,µ be a partially labelled state (Def. 3.8)
with label pattern µ, occupying the n distinct sites i. Then the visible state for ρi,µ is

TrH(ρi,µ) =
µ!

n!

⊕
λ⊢n

Kλ,µ

1(Sλ(HH))wt=ξ(i)

dim(λ)
(J.3)

Proof. The state ρi,µ is permutation invariant (Def. 3.3), so by Lem. H.3 it takes the form⊕
λ⊢n qλ

1(Sλ(HV ))wt=ξ(i)

dim(λ)
for some probability distribution {qλ}λ⊢n. We claim that

qλ = Tr(Θλρi,µ), (J.4)

where Θλ is the λ-isotypic projector (Lem. A.7) of Ki (Eq. 3.4). Let Πλ be the projector
onto the λ-subspace of

⊕
µ⊢n(Sµ(HV ))wt=ξ(i). Then Πλ ⊗ 1Sλ(HH) = Θλ. Therefore,

qλ = Tr(TrH(ρi,µ)Πλ) (J.5)

= Tr(ρi,µΘλ). (J.6)

We now calculate Tr(ρi,µΘλ). The λ-isotypic projector of Ki is given by

Θλ =
1

n!

∑
σ∈Sn

χλ(σ)Fi(σ
−1)⊗ 1HH

. (J.7)
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Therefore,

Tr(Θλρi,µ) = Tr

(
1

n!

∑
σ∈Sn

χλ(σ)Fi(σ
−1)⊗ 1HH

1

n!

∑
τ∈Sn

a†(τ · i, µ)|0⟩⟨0|a(τ · i, µ),

)
(J.8)

=
1

(n!)2

∑
σ,τ∈Sn

χλ(σ) Tr
(
a†(i, σ−1τ−1 · µ)|0⟩⟨0|a(i, τ−1 · µ)

)
(J.9)

The summands are nonzero exactly when σ is in the stabilizer group of τ−1 ·µ. This stabilizer
group is Sµ = Sµ1 × · · · × Sµlen(µ) . Thus,

Tr(Θλρi,µ) =
1

(n!)2

∑
σ∈Sµ,τ∈Sn

χλ(σ) (J.10)

=
µ!

n!

〈
ResSn

Sµ
κλ,Triv

〉
Sµ

(J.11)

=
µ!

n!
Kλ,µ, (J.12)

by Lem. J.4.

Corollary J.6. With the assumptions of Prop. J.5, the states {TrH(ρi,µ)}µ⊢n are linearly
independent.

Proof. Observe that {TrH(ρi,µ)}µ⊢n is linearly independent exactly when {(n!/µ!) TrH(ρi,µ)}µ⊢n
is. Since the Kostka matrix is full rank ([69] Sec. 7.16) and the states

{
1(Sλ(HH ))wt=ξ(i)

dim(λ)

}
λ⊢n

are linearly independent, so too are the {TrH(ρi,µ)}µ⊢n.

Corollary J.7. Let i be a list of n distinct indices from [m], and let ρ be a permutation-
invariant state that singly occupies i. Let L = dim(HH) ≥ n. Then there exists a set of real
coefficients {cµ}µ⊢n such that, for all U ∈ U(HV ) and all v ∈ ωn[m], the visible occupation

distribution (Eq. 3.2) can be written as the linear combination

p(v|U, ρ) =
∑
µ⊢n

cµp(v|U, ρi,µ). (J.13)

Proof. By Lem. G.4, the visible occupation distribution for ρ is

p(v|U, ρ) =
∑
λ⊢n

Tr
(
πλ(U) TrH(ρ(λ))πλ(U)

†Πλ
v

)
. (J.14)

By Cor. J.6, TrH(ρ) ∈ span({TrH(ρi,µ)|µ ⊢ n}), and therefore

TrH(ρ) =
∑
µ⊢n

cµTrH(ρi,µ). (J.15)
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Therefore,

p(v|U, ρ) =
∑
λ⊢n

Tr

(
πλ(U)

∑
µ⊢n

cµTrH((ρi,µ)(λ))πλ(U)
†Πλ

v

)
(J.16)

=
∑
µ⊢n

cµp(v|U, ρi,µ). (J.17)

Appendix K: Comments on the Auxiliary Space

We now offer some comments on the auxiliary state space that is the image of the map h
(Def. B.2). Let i be a list of n distinct indices from [m]. Let ρ be a perfectly indistinguishable
state (Def. F.11) that singly occupies the sites i (Eq. 3.4). Then by Lem. B.6 and Thm. 3
of Ref. 89, ρ satisfies

(Fi(σ)⊗ 1) · ρ = ρ · (Fi(σ)⊗ 1)−1 = ρ ∀σ ∈ Sn. (K.1)

Therefore, any perfectly indistinguishable state that singly-occupies i is also permutation
invariant (Def. 3.3).

The wavefunction corresponding to the perfectly indistinguishable state with single-
particle hidden state |ψ⟩ ∈ HN (Eq. 3.5) is given by

|fi,ψ⟩ = a†i1,ψ · · · a
†
in,ψ

|0⟩ , (K.2)

so that ϕi,ψ = |fi,ψ⟩⟨fi,ψ|. By Thm. 3 of Ref. 89 and Lem. B.6, the set of perfectly indistin-
guishable states that singly occupy i is spanned by the states {|fi,ψ⟩}|ψ⟩∈HH

.

We now turn to a notion of entanglement.

Definition K.1 (Auxiliary-entangled state). Let i be a list of n distinct indices from [m].
Let ρ ∈ D(Ki) be a state that singly occupies i (Def. 3.4). If the auxiliary state h(ρ)
(Def. B.2) is entangled, then ρ is said to be auxiliary entangled. If ρ is not auxiliary
entangled, it is called auxiliary separable.

Auxiliary-separable states are sometimes called “classically correlated” states in the liter-
ature [5]. Auxiliary-entangled states are typically more difficult to prepare in the photonics
platform, so we now offer some comments on the role of these states in our work. Since there
are states of the symmetric subspace of (Cd)⊗n that are entangled [89], there are perfectly
indistinguishable states that singly occupy i that are auxiliary entangled, by Lem. B.6.

The set of permutation-invariant states that singly occupy i includes other states that are
auxiliary entangled. For example, consider the following state, given as a Slater determinant,

|ferm⟩ = 1

n!

∑
σ∈Sn

χ(1n)(σ) |σ · (1, . . . , n)⟩ ∈ H⊗n
H , (K.3)

where χ(1n)(σ) is the sign of the permutation σ. The state |ferm⟩ is an entangled state, and
P (σ)|ferm⟩⟨ferm|P (σ)−1 = |ferm⟩⟨ferm| for all σ ∈ Sn, where P (σ) is defined in Eq. A.15.
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Therefore, by Lem. B.6, h−1(|ferm⟩⟨ferm|) is a permutation-invariant state that is auxiliary
entangled. This means that the weak generalized-bunching conjecture (Conj. 3.4) applies to
some states that are auxiliary entangled. We did not check whether the states ϕλi (Prop. C.2)
are auxiliary entangled for a given λ ⊢ n. These states are mixed in general, so checking
whether their auxiliary states are entangled requires a more detailed analysis.
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